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The walking dead Euler equation 
Addressing a challenge to monetary policy models 

 

Abstract  

Despite some strong cases built against it, the Euler equation on consumption remains a 
cornerstone of monetary policy models. 

In this paper I test the representative household's consumption-savings trade-off in two 
original directions. I first use households' specific interest rates for both US and France. 
These rates have a better explanatory power of the representative consumer's behaviour 
than the monetary policy rate. I also use a less restrictive approach to measure households' 
expectations based on survey data. 

However, the challenge posed by the Euler equation to monetary policy models remains. 

Keywords:  Euler equation, consumption 

 

 

 

L’équation d’Euler est morte, vive l’équation d’Euler ! 

 
Résumé  

Malgré des éléments à charge conséquents, l’équation d’Euler sur la consommation reste 
une des briques élémentaires des modèles de politique monétaire.  

Dans cet article je teste l’arbitrage consommation-épargne du ménage représentatif dans 
deux directions nouvelles. J’utilise des taux d’intérêt spécifiques aux ménages pour les 
États-Unis et la France. Ces taux améliorent la description du comportement de l’agent 
représentatif comparativement au taux de la politique monétaire. Je mesure également 
différemment les anticipations des ménages à partir d’enquêtes de conjoncture.  

Malgré cela, le challenge posé par l’équation d’Euler aux modèles de politique monétaire 
reste entier.  

Mots-clés : équation d’Euler, consommation 

 

Classification JEL  : E21, D91 



Introdution

The Euler equation on onsumption is a ornerstone of monetary poliy models. In the permanent

inome hypothesis, when households are assumed to be rational, their onsumption sheme should

verify the following equation:

1 = βEt

(

Uc(t+ 1)

Uc(t)

1 + it

Πt+1

)

(1)

where Uc(t) is the marginal utility of onsumption at time t, i is the nominal interest rate at whih

households an lend and borrow and Π the in�ation rate of onsumption pries. Et is the expe-

tation operator desribing how households form their expetations over future variables at time t.

Sine Hall (1978), maroeonomi data have been onfronted to eonomi theory repeat-

edly leading to suessive refutations, validations and improvements in households' onsumption

models. Early papers, surveyed by Attanasio (1999), have investigated the properties of on-

sumption within this framework under the assumption of onstant real interest rate and often

ertainty equivalene. Many alternative utility funtions have been used to reonile onsump-

tion data with the permanent-inome hypothesis and understand some major stylized fats.

Mankiw (1982), and Bernanke (1985) study the spei�ities of durables onsumption. Abel

(1990) and Gali (1994) investigate the equity premium puzzle by modifying the utility funtion.

Campbell and Mankiw (1990) onsider a population with only a fration of households following

the model, while others, �nanially onstrained, onsume their urrent inome in eah period.

Flavin (1981) investigates the exess sensitivity puzzle, that is onsumption reating to lagged

hanges in inome. Campbell and Deaton (1989) investigate the exess smoothness puzzle, that

is onsumption not responding one-to-one to shoks to permanent inome.

Relaxing the onstant interest rate hypothesis Canzoneri et al. (2007) test the �rst order on-

dition of households maximization program (1) under di�erent utility spei�ations against the

data. Their main result is that when the Euler equation is assumed to hold and the interest rate

is treated as the unknown variable, the ounter-fatual interest rate to whih the representative

household seems to respond is quite di�erent from the monetary poliy rate. In most ases it is

negatively orrelated to it, a result they pose as a hallenge for monetary poliy models, whih

are built on this Euler equation to link the real and nominal side of the eonomy.

To derive these results, they assume that households' expetations an be desribed through a

VARX model, i.e. households use optimally all the information publily available. This hypothe-

sis ombined either with a log-normality hypothesis or a �rst order approximation allows them to

estimate the marginal rate of substitution between present and future onsumption whih, if the

Euler equation was veri�ed by the data, should be equal to the interest rate faed by households.

They ompare this marginal rate of substitution with the atual monetary poliy interest rate

and doing so invalidate the permanent inome hypothesis even when many alternative utility

funtions are onsidered.

Carroll (2000) would interpret this result as an inompatibility between maro data and a

mirofounded model, due to the di�erenes in the marginal behaviour of individuals. The Euler
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equation on onsumption ould be wrong, not beause of the form of the utility funtion but

beause the representative agent assumption is heroi. However, miroeonomis omes against

its own di�ulties (Carroll, 2001; Ludvigson and Paxson, 2001) while maroeonomi models

remain widespread and have ruial impliations for the poliy maker, both monetary and �sal.

Thus, the hallenge posed by the aggregate Euler equation on onsumption is worth investigating.

I built on Canzoneri et al.'s analysis and test household spei� rates in an estimated Euler

equation for both the US and Frane when expetations are measured ex ante by a VARX model.

I �nd that households' behaviour is better desribed by interest rates other than the monetary

poliy one; indiating that households enounter sizeable fritions on the loans and savings mar-

ket.

Spei�ally, I �nd that the Euler equation is ompatible with households reating to the rate

on ar loans in the US; but for Frane households do not seem to reat to any spei� rates. These

results have strong impliations for the ondut of monetary poliy: the transmission hannel is

muh weaker than generally assumed; and for eonomi modelling: the spread between household

market onditions and the monetary poliy instrument an not be relegated to the residual.

Even for the US, there remain sizeable disrepanies between the Euler equation and the data.

In partiular households seem to reat to an interest rate muh more volatile than atual rates,

a property I will investigate further in the remainder of this projet.
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1 Testing the Euler equation against household spei� interest

rates

Using maroeonomi data to apture the value of strutural parameters is not the purpose of

this paper: Attanasio and Weber (1993) show that estimates of the intertemporal elastiity of

substitution on aggregate data are systematially lower than estimates on average ohort data.

Attanasio and Weber (1993, 1995) show that tests on aggregate data tend to rejet miro-founded

models spei�ation too often. Carroll (2000) atually wrote a requiem for the representative

onsumer model on the idea that individual wealth heterogeneity imply marginal utility hetero-

geneity and potentially impossible aggregation of the Euler equation. However as this model still

prevails in maroeonomis, I inquire into how muh of the Euler equation an be saved

by a riher dataset.

Canzoneri et al. (2007) test and rejet the Euler equation on onsumption on US data.

1

They

desribe the failure of Euler equation as follows: "the onsumption Euler equation implies that

the real interest rate is proportional to the expeted growth of real onsumption. The empirial

literature shows that a monetary tightening has a small e�et on onsumption in the �rst quarter

following the tightening. In the following few quarters, the onsumption falls more rapidly so

that expeted onsumption growth delines. A deline in expeted onsumption growth will redue

the real interest rate implied by the Euler equation. The empirial literature shows that money

market rates respond in the opposite diretion."

However, if households were reating to another interest rate than that of the money market

(mortgage, deposit, private loans...), the di�erene between this rate and monetary poliy ould

aount for the negative or weak orrelation they observe. Suh a result would have strong

impliations for monetary poliy analysis and the way it is modelled (in the New Neolassial

Synthesis for instane). It would rehabilitate the Euler equation but dampen the transmission

mehanism between the poliy maker and households.

In this paper, I investigate this possibility. I estimate the relation between di�erent household

spei� interest rates, expeted onsumption growth and expeted in�ation and assess the sig-

ni�ane of interest rates in this equation and the �t to the data. The interest rates I onsider

are depited on Figure 1. The orrelation of real monetary poliy rate and the spreads on house-

hold spei� rates are reported in Table 1. It is noteworthy that household spei� spreads are

negatively orrelated to real monetary poliy rate, whih ould a priori aount for the results

exposed by Canzoneri et al. (2007).

US rates (Figure 1a) I use the E�etive Federal Funds Rate (Fedfunds), a mortgage rate

(30-Year onventional mortgage rate), a ar loans rate (Finane Rate on Consumer Instalment

Loans at Commerial Banks, New Autos 48 Month Loan), a personal loans rate (Finane Rate

1

In appendix C I repliate their results. I show that they also hold on Frenh data. While they tested the

robustness to the de�nition of the utility funtion onsidered, I show that the result is also robust to the hoie

of several onsumption bundles.
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real FedFunds 1 - - - - -

spread Mortgage -0.3 1 - - - -

spread Car Loans -0.43 0.91 1 - - -

spread Pers. Loans -0.46 0.84 0.88 1 - -

spread Cert. Deposit -0.2 0.38 0.35 0.38 1 -

spread Treasury Bill -0.46 0.73 0.76 0.84 0.52 1

(a) US

real Pibor 1 - - -

spread Deposit1y -0.5 1 - -

spread Livret -0.83 0.57 1 -

spread Mortgage -0.11 0.51 0.33 1

(b) Frane

Table 1: Correlation of the interest rates (in real terms)

on Personal Loans at Commerial Banks, 24 Month Loan), a deposit rate (3-Month Certi�ate

of Deposit: Seondary Market Rate) and the 3-month treasury bill (3-Month Treasury Bill: Se-

ondary Market Rate). Apart from the mortgage rate, maturities of these interest rates are short.

The mortgage rate is inluded beause wealth e�ets are empirially stronger in the US than

in Frane, a stylized fat sometimes attributed to the higher �exibility of mortgages in the US

where real estate an be used as a ollateral for onsumption (Aviat et al., 2007). Some of these

rates are losely related (treasury bill, fedfunds and erti�ates of deposits). I keep them all to

remain as exhaustive as possible.

2

Frenh rates (Figure 1b) I use the 3-month interbank rate (Pibor-Euribor) and three dif-

ferent rates, all for new ontrats for households and individual enterprises: Deposits with agreed

maturity up to one year, Deposits redeemable at notie and Loans for house purhases exl. bank

overdrafts, total maturity. Deposits redeemable at notie refer to regulated savings aounts. The

oldest one (livret A) dates bak to the nineteenth entury and is the most widespread �nanial

produt in Frane: more than 90% of Frenh residents have suh an aount, standing with other

livrets (livret jeune, livret developement durable, livret d'épargne populaire) for more than 15%

of Frenh households' �nanial assets (Noyer and Mérieux, 2012). As shown on Figure 1b the

return on these savings is not linked to the monetary poliy rate on most of the sample. More

reently, this rate has been indexed on a ombination of in�ation, Eonia and Euribor with a

disretionary omponent set by the government.

2

2

Data are further detailed in appendix A.1.
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Figure 1: Atual interest rates in nominal terms
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The Euler equation under a linear form I assume that households are forming their

expetations through a VARX model estimated ex-ante.

ct+1 =
k

∑

j=0

λ
c,c
j ct−j +

k
∑

j=0

λ
c,π
j Pt−j + γcXt + ǫct+1 (2)

Pt+1 =

k
∑

j=0

λ
π,c
j ct−j +

k
∑

j=0

λ
π,π
j Pt−j + γπXt + ǫπt+1 (3)

(4)

with c onsumption per apita (in log) and P its de�ator (in log) regressed on 12 lags of both

variables and on exogenous regressors (X). For these regressors I onsider alternatively eo-

nomi variables, following Canzoneri et al. (2007) and Fuhrer (2000), and balanes of opinion

from household surveys. In this latter ase, I use the surveys of onsumers by the university

of Mihigan and the European harmonized household survey published for Frane by Insee (see

also Appendix A.2). This seond method is less biased by the eonomist's a priori, however I

�nd very similar results with these data. ǫc, ǫπ are the errors of this VARX model and are by

assumption identi�ed to foreasting errors.

If the Euler equation holds, the following should hold under log-normality hypothesis of the

VARX residuals (see Appendix B):

it = σEt∆ct+1 + Etπt+1 − ln(β)−

(

σ2

2
var(ǫc) + σcov(ǫc, ǫπ) +

1

2
var(ǫπ)

)

(5)

with it the interest rate to whih households are subjet and Et∆ct+1, Etπt+1 the expetations

formed through the previous VARX model for onsumption growth (∆log) and in�ation.

3

Model estimation Using several interest rates in an agnosti way, the model an be tested

under the following form:

Et∆ct+1 = δ +
∑

γx (ixt − Etπt+1) + εt (6)

with a onstant (δ), oe�ients (γx) and errors (ε) to be estimated.

For sake of omparability, I estimated the model only with the monetary poliy rate and I

aept the hypothesis that this rate alone does not bring useful information in explaining ex-

peted onsumption growth. This result summarizes those of appendix C as raising a hallenge

for monetary poliy models using the Euler equation: this equation, as it is used in monetary

poliy models, is at odds with the data. The estimates for equation (6) with household spei�

rates are reported in Table 2.

3

In�ation is de�ned in aordane with onsumption as the growth rate (∆log) of the onsidered onsumption

bundle de�ator.
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Eonomi Regressors Surveys

oe�. Std. oe�. Std.

ste 0.0073 4.8645 0.0078 3.6757

r.FedFunds -0.3038 -1.2174 -0.4877 -1.3654

r.Mortgage -0.0105 -0.084 -0.0083 -0.0476

r.Car Loans 0.6231 4.7107 0.5532 2.9457

r.Pers. Loans -0.4071 -5.1623 -0.3887 -3.4573

r.Cert. Deposit -0.9478 -3.4824 -0.9392 -2.4075

r.Treasury Bill 1.1787 5.0743 1.4423 4.3088

DW/adjustedR2 0.9283 0.3568 1.1059 0.228

stat. p-value stat. p-value

Fisher's Test 1 16.07 0 9.02 0

Fisher's Test 2 13.9 0 14.03 0

Fisher's Test 3 19.18 0 10.5 0

Fisher's Test 4 0.23 0.98 0.13 1

(a) US

Eonomi Regressors Surveys

oe�. Std. oe�. Std.

ste 9e-04 1.1216 9e-04 0.8961

r.Pibor 0.5817 2.0315 0.756 2.2445

r.Deposit1y -0.9067 -2.5547 -1.1223 -2.7031

r.Livret -0.2059 -1.8859 -0.1854 -1.5661

r.Mortgage 0.3896 2.6083 0.414 2.3809

DW/adjustedR2 1.4493 0.0814 1.9567 0.0756

stat. p-value stat. p-value

Fisher's Test 1 2.25 0.04 2.13 0.06

Fisher's Test 2 2.71 0.1 2.43 0.12

Fisher's Test 3 2.38 0.04 2.38 0.04

Fisher's Test 4 0.05 1 0 1

(b) Frane

Table 2: Euler equation models (6) (CES utility funtion with expetations measured by a VARX

with eonomi regressors or survey data)

For the US (Table 2a), oe�ients are signi�antly di�erent from 0, exepted for the fedfunds

and the rate on mortgages. The signs of the estimated oe�ients are nevertheless eonomially

puzzling: for instane, the interest rate on ar loans and personal loans have opposite e�ets on

onsumption. Overall this estimation yields a negative rate ombination in nominal terms whih

is at odds with the theory.

For Frane (Table 2b), the oe�ient on the regulated savings rate is not statistially sig-

ni�ant.

4

Similarly to the US, the signs of the oe�ients vary, whih is not eonomially

interpretable and the optimal rate ombination is largely negative.

Are these Euler equations on onsumption? On this model I perform three Fisher's tests

examining whether the estimated equation an be alled Euler equation on onsumption in whih

household spei� rates play a role:

T1 on the joint nullity of all oe�ients as a simple hek

T2 on the umulated nullity of interest rate oe�ients to verify that this model e�etively

relates expeted onsumption with interest rates so that it an be alled a Euler equation

on onsumption

T3 on the joint nullity of interest rate oe�ients (other than monetary poliy) to verify that

rates other than the monetary poliy one bring useful information to the model

T4 on the equality between oe�ients estimated using the expetation VAR and assuming

perfet expetations

These tests are reported in Table 2. For the US ountries all null hypothesis but the last are

rejeted. For Frane, only at the 10% threshold an I rejet the hypothesis that

∑

x γ
x = 0.

4

The onstant is not signi�antly di�erent from 0 either: in equation (6) ln(β) and the variane term are of

opposite sign and an add up to zero.

9



The �rst three tests imply that the estimated equation is a Euler equation on onsumption in

whih household spei� rates play a role.

As for the last test, it is onduted to verify how the VARX estimated ex ante in�uenes the

estimation in this seond step. The test onludes that the two estimations are not statistially

di�erent.

Interest rates omparisons From equation (6), the previous Fisher's tests allow me to om-

pute

Et∆ct+1 − δ
∑

x γ
x

+ Etπt+1 and

∑

x γ
xixt

∑

x γ
x

(7)

The left hand side of the previous equation is the marginal rate of substitution between present

and future onsumption (hereafter MRS denoted ĩt).

ĩt =
Et∆ct+1 − δ

∑

x γ
x

+Etπt+1 (8)

If the model held exatly, this rate would be equal to the optimal ombination of atual rates

returned by the estimation it

it =

∑

x γ
xixt

∑

x γ
x

(9)

Table 3 displays some omparative statistis for atual and Euler interest rates in real terms.

In the US, the MRS is not orrelated with the Fedfunds (< 10%). The orrelation with the

optimal rate ombination is muh larger (62%). For Frane, orrelation with the Pibor-Euribor

an even be negative. With the optimal spread ombination it reahes 34% when de�ation is

based on expeted future in�ation (orrelations 2).

However for both ountries, the statistial properties of both the optimal rate ombination

and the MRS are not onsistent with the initial interest rates. In partiular, they are negative

and the MRS is muh more volatile than the orresponding optimal rate ombinations (Table 3).

Comparisons of theses rates depited in Figure 2 onvey the same message.

I �nd similar results when expetations are built on survey data. Also allowing for autoorre-

lation of the residual and habit formation in the utility funtion does not markedly modify the

outome of the estimations.
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Figure 2: Atual interest rates and MRS with a CES utility funtion (in nominal terms)
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Fedfunds Opt. Comb. MRS

ix0 ī ĩ

Mean 0.46 -2.32 -2.31

Std deviation 0.72 1.48 2.35

Minimum -0.93 -9.63 -9.15

Maximum 2.76 0.83 4.5

Correlation1 1 0.13 0.08

Correlation1 0.13 1 0.62

Correlation2 1 0.08 0.05

Correlation2 0.08 1 0.62

(a) US

Pibor Opt. Comb. MRS

ix0 ī ĩ

Mean 0.71 -1.2 -1.2

Std deviation 0.73 0.79 2.32

Minimum -0.5 -3.19 -7.81

Maximum 2.52 0.96 4.36

Correlation1 1 -0.33 -0.18

Correlation1 -0.33 1 0.28

Correlation2 1 -0.35 -0.12

Correlation2 -0.35 1 0.34

(b) Frane

I test two transformations of atual nominal rates in real terms: orrelation 1 orresponds to the rate de�ated by ontemporaneous in�ation

it − πt and orrelation 2 uses expeted future in�ation it − Etπt+1.

Table 3: Comparative statistis of the interest rates and the MRS (in real terms)

Positivity onstraint Under a simplifying aggregation assumption, one ould expet the

weight of eah rate in the optimal ombination to be the share of the population arbitrating

on it, so that ∀x the sign of γx is the same as the sign of the intertemporal elastiity of sub-

stitution. The high orrelations from the previous unonstrained estimations and the lak of

eonomi interpretation of the optimal ombinations found may thus be a statistial artefat. In

line with this intuition I estimate the same model by maximum likelihood while restriting the

sign of γx. These onstrained estimations allow me to selet a subsample of interest rates for

whih the restrition is veri�ed. Results are reported in Table 4.

For the US the seleted model inludes only the rate on ar loans. Its oe�ient in the re-

gression is signi�antly di�erent from 0 so I an ompute the MRS in this ase. The orrelation

of the MRS with the optimal rate ombination (equal to the ar loans rate) is however weak-

ened ompared to the unonstrained estimation (see Table 5). Comparisons of theses rates are

depited in Figure 3. The MRS is in partiular very volatile.

For Frane, the seleted model inludes only the rate on mortgages but its oe�ient in the

regression is not signi�antly di�erent from 0. Only for sake of omparison with the US are the

results presented in the ase of Frane in Table 5 and Figure 3.

Eonomi Regressors Surveys

oe�. Std. oe�. Std.

ste 0.0019 3.2915 0.0017 2.3078

r.FedFunds 0 0 0 0

r.Mortgage 0 0 0 0

r.Car Loans 0.1588 4.3575 0.1734 3.8721

r.Pers. Loans 0 0 0 0

r.Cert. Deposit 0 0 0 0

r.Treasury Bill 0 0 0 0

DW/adjustedR2 0.7677 0.0994 0.943 0.079

(a) US

Eonomi Regressors Surveys

oe�. Std. oe�. Std.

ste 0.0019 3.0473 0.002 2.8127

r.Pibor 0 0 0 0

r.Deposit1y 0 0 0 0

r.Livret 0 0 0 0

r.Mortgage 0.0626 1.4635 0.0519 1.0583

DW/adjustedR2 1.2403 0.0103 1.725 0.0011

(b) Frane

Reported values for the interest rate oe�ients are the γx
, not the λx

. The variane matrix for the estimates is omputed with the delta

method and from the gradient of the likelihood at eah date.

Table 4: Euler equation models (6) under positivity onstraint (CES utility funtion with expe-

tations measured by a VARX with eonomi regressors or survey data)
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Fedfunds Opt. Comb. MRS

ix0 ī ĩ

Mean 0.46 1.45 1.46

Std deviation 0.72 0.69 1.97

Minimum -0.93 -0.6 -4.25

Maximum 2.76 3.32 7.15

Correlation1 1 0.81 0.08

Correlation1 0.81 1 0.34

Correlation2 1 0.79 0.05

Correlation2 0.79 1 0.32

(a) US

Pibor Opt. Comb. MRS

ix0 ī ĩ

Mean 0.71 1.22 1.23

Std deviation 0.73 0.75 5.23

Minimum -0.5 -0.19 -11.3

Maximum 2.52 2.9 16.16

Correlation1 1 0.95 0.18

Correlation1 0.95 1 0.19

Correlation2 1 0.94 0.12

Correlation2 0.94 1 0.14

(b) Frane

I test two transformations of atual nominal rates in real terms: orrelation 1 orresponds to the rate de�ated by ontemporaneous in�ation

it − πt and orrelation 2 uses expeted future in�ation it − Etπt+1.

Table 5: Comparative statistis of the interest rates and the MRS under positivity onstraint

(in real terms)

Conlusion

The monetary poliy rate does not bring useful information to explain the intertemporal elas-

tiity of substitution of onsumption of the representative onsumer both in the US and Frane.

This paper points to a representative household reating to the interest rate on ar loans in the

US. For Frane this rate is not identi�ed.

This result may seem trivial as it is lear that households an not borrow diretly from the

Central Banker's desk. What is less trivial however, is that the spread between households' rate

and the monetary poliy instrument matters so muh and shall not be relegated to the residual

of the Euler equation. Models should aount for �nanial market fritions faed by households

and onsider weaker transmission mehanism of the monetary poliy to a major share of real

�nal demand, households' onsumption.

Household spei� rates explain part of the wedge between the MRS and the monetary poliy

rate in the US; however there remain sizeable disrepanies whih do not rehabilitate the Euler

equation as a powerful modelling element. In other words, the hallenge to monetary poliy

models raised by Canzoneri et al. (2007) remains unhanged.

This dead-end may be due to omitted variables (urrent inome, demographi e�ets, unem-

ployment...) in the Euler equation under its simplest form. Indeed, eonometri investigations

of the onsumption-savings behaviour often put forward riher spei�ations (Aviat et al., 2007;

Bardaji et al., 2014). In the present paper I �nd that theMRS is extremely volatile. Similar esti-

mations as those presented in this paper with habit formation suggest that allowing the utility of

onsumption to be smoother does not redue the volatility of the MRS. In further developments

of this projet, I will investigate the extend to whih the measurement of expetations used an

in�uene this result.
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Figure 3: Atual interest rates and MRS with a CES utility funtion under positivity onstraint

(in nominal terms)
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A Data and the VAR of expetations

A.1 Data

Frane I use Insee's Quarterly National Aounts data for onsumption per apita exluding

durables, its de�ator, GDP, disposable inome.

5

Data, inluding interest rates, are available sine

the early eighties but I restrit the sample to post 1986 for stationariness reasons as this sample

inludes only the end of the period of high and volatile in�ation. Interest rate (Pibor-Euribor

and household spei� rates) are taken from Banque de Frane and the ECB. For household

balanes of opinion, I use the European harmonized Household Survey published for Frane by

Insee. Population and unemployment data are also retrieved from Insee's publi database. I use

5

Data are taken from the �rst publiation of base 2010 (2014Q1) but I also estimated with similar results the

model on the last publiation of base 2005.
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quarterly data spanning from 1986Q1 to 2013Q4.

US I use data from the National Inome and Produt Aount(NIPA)for onsumption, GDP,

disposable inome and de�ators. I restrit onsumption to non-durable goods and servies. Real

variables are taken per-apita. Interest rates, population and unemployment data are taken

from the Fred database. I also use the surveys of onsumers by the university of Mihigan. I use

quarterly data spanning from 1972Q1 to 2013Q2.

A.2 The VAR of expetations

For setion 1 and appendix C, I estimate a VARX to model households' expetations. This

method is based on Fuhrer (2000) and Canzoneri et al. (2007). I restrited the spei�ation of

the expetation VAR to a VAR in level with 12 lags. However, I show in appendix C that the

rejetion of the Euler equation does not depend on the hoie of a VAR model.

US I estimate a VAR model orresponding to the log of onsumption in non-durables per apita

and its de�ator. I repliate the VARX of Fuhrer (2000) and Canzoneri et al. (2007) to model

households' expetations in the US: additional regressors are the fedfund rate, log GDP and log

GDI per apita. However, I do not use the Journal of Commere industrial materials ommodity

prie index for all items and tested some balanes of opinion from the Mihigan survey without

signi�ant modi�ations.

I also estimate expetations from a VARX using only balanes of opinion from the Mihigan

survey: the Index of Consumer Expetations, Index of Current Eonomi Conditions and bal-

anes of opinion related to �nanial situation (past and expeted), oppportunity to purhase

durables, vehiles or a house, and expeted in�ation in the next 12 months.

Frane I estimate a VAR model orresponding to the log of onsumption in non-durables per

apita and its de�ator. This VAR model also ontains 12 lags and is estimated from 1986Q1 to

2013Q4 in level. To this VAR I add the lags of the purhasing power of gross disposable inome,

of GDP per apita, the Pibor-Euribor and test some balanes of opinion from household opinion

survey whih do not signi�antly impat the outome of the VAR.

I also estimate expetations from a VARX using only balanes of opinion from the European

harmonized onsumers survey: general eonomi situation, unemployment, �nanial situation,

onsumer pries, savings intentions, urrent saving apaity.
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B The onditional log-normality hypothesis

The equation under srutiny takes the following form:

(1 + it)
−1 = βEt

(

Uc(t+ 1)

Uc(t)

1

Πt+1

)

(10)

In the most simple ase Uc(t) = C−σ
t = e−σct

with ct = log(Ct) πt = log(Πt)

Et

(

Uc(t+ 1)

Uc(t)

1

Πt+1

)

= Et(exp(−σ∆ct+1 − πt+1)) = Et(exp(a
′yt+1)) (11)

with a = [−σ,−1]′ and yt = [∆ct, πt]
′
.

I suppose that households' expetations are formed through the previous VAR model with

normal errors νt and variane Σ, so that yt+1 = Et(yt+1) + νt+1. I an then deompose

Etexp(a
′yt+1) = exp(a′Etyt+1)Etexp(a

′ν), in whih the seond term an be simpli�ed

Etexp(a
′ν) =

∫

1

(2π)
n
2 |Σ|

1

2

exp

(

a′ν −
1

2
ν ′Σ−1ν

)

dν

�rst hange of variables

Σ−1 = P ′DP with P ∈ O(n) and D diagonal

Pν = µ

ν = P ′µ

Etexp(a
′ν) =

∫

1

(2π)
n
2 |Σ|

1

2

exp

(

a′P ′µ−
1

2
µ′Dµ

)

dµ

seond hange of variables

x =

(

D

2

)
1

2

µ−

(

D

2

)
−1

2 Pa

2

then x′x =
1

2
µ′Dµ− a′P ′µ+

1

2
a′P ′D−1Pa

we then have Etexp(a
′ν) =

∫

1

(2π)
n
2 |Σ|

1

2

exp

(

−x′x+
a′Σa

2

)

|
D

2
|
−1

2 dx

Etexp(a
′ν) = exp

(

a′Σa

2

)

= exp(
σ2

2
var(ǫc) + σcov(ǫc, ǫπ) +

1

2
var(ǫπ))

Then I an rewrite

Et

(

Uc(t+ 1)

Uc(t)

1

Πt+1

)

= Et(exp(a
′yt+1)) = exp

(

a′Et(yt+1)
)

exp

(

a′Σa

2

)

(12)

In logarithm, this expression is a linear ombination of eonomi variables inluding the seond

moments of the errors. Moreover, when the utility funtion is CES with habit formation under

a multipliative form as in Abel (1990), this result an be easily generalized.
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Although it avoids a �rst order approximation, this method still forms a strong assumption:

seond moments Σ are onstant. In partiular, this assumption shuts down one hannel for pre-

autionary savings: when the environment is more unertain, Σ inreases, whih is equivalent to

a derease in the interest rate. This hannel of unertainty shoks ould aount for an important

share of business yle �utuations (Bloom, 2009).

C Con�rming Canzoneri et al. (2007) on Frenh data

If the Euler equation holds and households are rational and forming their expetations through

a VAR model, the following should hold under log-normality hypothesis (Appendix B):

it = σEt∆ct+1 + Etπt+1 − ln(β)−

(

σ2

2
var(ǫc) + σcov(ǫc, ǫπ) +

1

2
var(ǫπ)

)

(13)

with Et∆ct+1, Etπt+1 the expetations formed through a VAR model for onsumption growth

and in�ation respetively and ǫc, ǫπ the errors of this VAR model.

Considering external habit formation or athing-up with the Joneses under a multipliative

form Abel (1990); Gali (1994) modi�es the preeding system by adding the lagged value of ∆ct
in the Euler equation whose oe�ient will depend on both σ and the habit formation parameter

γ. The theoretial link (13) between expeted onsumption and interest rate beomes:

it = σEt∆ct+1 − γ(1− σ)∆ct +Etπt+1 − ln(β)−

(

σ2

2
var(ǫc) + σcov(ǫc, ǫπ) +

1

2
var(ǫπ)

)

(14)

with households' utility a CES funtion of

Ct

C
γ
t−1

.

It is possible to assess graphially the �t to the Euler equation as in Canzoneri et al. (2007) by

assuming a value for σ, γ and plotting atual interest rates with the marginal rate of substitution

between present and future onsumption, either in real or nominal terms.

Figures 4 depit suh omparisons using onsumption in non-durables, with and without habit

formation. These �gures exhibit similar features to the US ase reprodued in Figure 5. First,

these graphs show that adding habit formation in the utility funtion does not move the MRS

loser to the atual monetary poliy rate. Tables 6 display some statistis for both ountries.

On average, there are positive spreads between the MRS implied by Euler equations and the

monetary poliy rate. As Canzoneri et al. point out, these spreads "have been well doumented

in the literature on the equity premium puzzle and the risk free rate puzzle" and are not a

strong argument against the Euler equation. However the orrelations reported in these tables

are weak, even though their sign is not lear ut and depend on the way atual nominal rates

are onverted in real terms. These orrelations are outlined by Canzoneri et al. as a hallenge

for maroeonomists and in partiular for monetary poliy models.
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Figure 4: Pibor and MRS with a CES utility funtion (σ = 2) with and without habit formation

(γ = 0.6)

Fedfunds CES CES with habit

Mean 0.44 1.89 1.61

Std deviation 0.7 0.75 0.51

Minimum -0.95 -0.39 0.11

Maximum 2.82 3.65 2.71

Correlation1 1 0.09 0.1

Correlation2 1 -0.01 -0.01

(a) US

Pibor CES with habit CES

Mean 0.71 1.24 1.4

Std deviation 0.73 0.41 0.54

Minimum -0.46 0.3 0.11

Maximum 2.33 3.16 3.55

Correlation1 1 0.15 0.16

Correlation2 1 0.07 0.1

(b) Frane

I test two transformations of atual nominal rates in real terms: orrelation 1 orresponds to the rate de�ated with ontemporaneous in�ation

it − πt and orrelation 2 uses expeted future in�ation it − Etπt+1.

Table 6: Statistis for the atual and MRS (in real terms)

Figure 5 on�rms Canzoneri et al.'s qualitative results for the US: the MRS markedly departs

from the monetary poliy rate "during the Volker tightening in the early 1980s" and "during

the Greenspan easing in the early 2000s". In addition in the mid 1990s, the MRS levelled o�

while atual rate remained stable. Also, in 2008 onsumption nose dived more drastially than

the interest rate would have implied: in nominal terms both rates plummeted, but in real terms

MRS dropped while the real monetary poliy rate peaked.

Figure 4 shows similar mismath for Frane: the MRS mirrored the monetary poliy rate in

the 1990s and 2000s. In 2008, the Frenh rates show the same disonnetion in real and nominal

terms as in the US.

Robustness to the alibration and the de�nition of the onsumption bundle

Canzoneri et al. (2007) show that their results are robust to the de�nition of the utility funtion

(with and without habit formation, either internal or external, additive or multipliative) they

also onsider reursive utility and liquidity onstraints (Campbell and Mankiw, 1990). As an-

other robustness test, I ompute similar MRS using other de�nitions of the onsumption bundle

and other alibrations of the utility funtion. Additional results are depited on Figures 6 with
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Figure 5: US Fedfund and MRS with a CES utility funtion (σ = 2) with and without habit

formation (γ = 0.6)

a CES utility funtion without habit formation. These �gures show, for three standard values of

the intertemporal elastiity of substitution (2, 1, 0.5), the MRS omputed with the VARX of

expetations using four de�nitions of the onsumption bundle (total onsumption, onsumption

exluding durables, exluding energy or exluding ommitted expenditures (Quinet and Ferrari,

2008)). These interest rates are ompared with the 3 month interbank rate and four di�erent

household spei� rates, deposits and loans with various maturities (see setion 1). Comparisons

are made both in real and nominal terms. Tables 7 display the orrelation matries of the atual

and MRS in real terms.

Figure 6a, 6 and 6e show that in nominal terms, the MRS from the Euler equations does not

greatly depend on the onsumption bundle onsidered, at least not in a way whih would solve

Canzoneri et al.'s hallenge. Also they are more volatile than atual interest rates, all the more

so when σ is large.

In real terms, de�ated by atual in�ation, the larger volatility of the MRS is not lear ut

(�gure 6b, 6d and espeially 6f). However, there remains a sizeable disrepany between the

levels of the MRS and interest rates set by the market in the eighties up to the mid-nineties.

This stylized fat has often been interpreted in Frane in line with the liberalisation of �nanial

markets over these years.

For eah alibration, the interest rates an be split in two groups based on the orrelations

(Tables 7): MRS and atual interest rates. Even though the orrelations between these groups

an be sizeable (up to 50% for the livret), the orrelations within these groups are muh larger

and often lose to one. These results are in line with Canzoneri et al.'s onlusions.

In addition to testing several de�nitions of onsumption, I tested 3 VAR models to measure

households expetations: one in �rst di�erene with two lags, one with additional regressors
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(σ = 0.5)

Euler eq. rate total onsumption 1 - - - - - - -

ons. exl. energy 0.86 1 - - - - - -

ons. exl. durables 0.94 0.78 1 - - - - -

ons. exl. ommitted exp. 0.94 0.83 0.86 1 - - - -

Pibor 0.22 -0.03 0.28 0.19 1 - - -

Deposit1y 0.22 -0.05 0.29 0.18 0.99 1 - -

Livret 0.5 0.07 0.53 0.47 0.62 0.64 1 -

Mortgage 0.27 0.01 0.36 0.21 0.94 0.96 0.66 1

(σ = 1)

Euler eq. rate total onsumption 1 - - - - - - -

ons. exl. energy 0.87 1 - - - - - -

ons. exl. durables 0.93 0.78 1 - - - - -

ons. exl. ommitted exp. 0.94 0.87 0.84 1 - - - -

Pibor 0.17 -0.06 0.27 0.13 1 - - -

Deposit1y 0.16 -0.08 0.26 0.12 0.99 1 - -

Livret 0.31 -0.06 0.37 0.31 0.62 0.64 1 -

Mortgage 0.21 -0.02 0.34 0.15 0.94 0.96 0.66 1

(σ = 2)

Euler eq. rate total onsumption 1 - - - - - - -

ons. exl. energy 0.89 1 - - - - - -

ons. exl. durables 0.92 0.78 1 - - - - -

ons. exl. ommitted exp. 0.92 0.9 0.8 1 - - - -

Pibor 0.13 -0.07 0.24 0.08 1 - - -

Deposit1y 0.11 -0.1 0.23 0.06 0.99 1 - -

Livret 0.16 -0.14 0.22 0.18 0.62 0.64 1 -

Mortgage 0.16 -0.04 0.3 0.1 0.94 0.96 0.66 1

Table 7: Correlation matrix of Euler equation and atual interest rates in real terms

idential to those in the benhmark models of this paper, one in over the year growth rate with

the same regressors and households survey data.

6

The present results are robust to these hanges

in the VAR model.

6

Balanes of opinion on households survey data math the evolution of maroeonomi data over the year, in

partiular gross disposable inome, better than over the quarter.

22



0

1

2

3

4

1986 1988 1990 1992 1994 1996 1998 2000 2002 2004 2006 2008 2010 2012

Euler eq. rate total consumption
   cons. excl. energy
   cons. excl. durables
   cons. excl. committed exp.

Pibor
Deposit1y
Livret
Mortgage

(a) σ = 2, nominal

0

1

2

3

4

1986 1988 1990 1992 1994 1996 1998 2000 2002 2004 2006 2008 2010 2012

Euler eq. rate total consumption
   cons. excl. energy
   cons. excl. durables
   cons. excl. committed exp.

Pibor
Deposit1y
Livret
Mortgage

(b) σ = 2, real

0.0

0.5

1.0

1.5

2.0

2.5

3.0

1986 1988 1990 1992 1994 1996 1998 2000 2002 2004 2006 2008 2010 2012

Euler eq. rate total consumption
   cons. excl. energy
   cons. excl. durables
   cons. excl. committed exp.

Pibor
Deposit1y
Livret
Mortgage

() σ = 1, nominal

−0.5

0.0

0.5

1.0

1.5

2.0

2.5

1986 1988 1990 1992 1994 1996 1998 2000 2002 2004 2006 2008 2010 2012

Euler eq. rate total consumption
   cons. excl. energy
   cons. excl. durables
   cons. excl. committed exp.

Pibor
Deposit1y
Livret
Mortgage

(d) σ = 1, real

0.0

0.5

1.0

1.5

2.0

2.5

3.0

1986 1988 1990 1992 1994 1996 1998 2000 2002 2004 2006 2008 2010 2012

Euler eq. rate total consumption
   cons. excl. energy
   cons. excl. durables
   cons. excl. committed exp.

Pibor
Deposit1y
Livret
Mortgage

(e) σ = 0.5, nominal

−0.5

0.0

0.5

1.0

1.5

2.0

2.5

1986 1988 1990 1992 1994 1996 1998 2000 2002 2004 2006 2008 2010 2012

Euler eq. rate total consumption
   cons. excl. energy
   cons. excl. durables
   cons. excl. committed exp.

Pibor
Deposit1y
Livret
Mortgage

(f) σ = 0.5, real
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