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Temporal disaggregation of stock variables 
The Chow-Lin method extended to dynamic models 

Abstract 

Since the seminal paper by Chow and Lin the literature on temporal disaggregation has 
focused on temporal disaggregation of flow variables. Moreover, this literature on optimal 
methods has traditionally emphasized  static models and forced all dynamic dimension of the 
link between time series to be embedded in the unexplained component. Nevertheless, 
these techniques have proved particularly useful to compute quarterly national accounts in 
numbers of countries in Europe (France, Italy, Spain, Portugal, Switzerland).  

Following this literature, this paper builds an optimal method to derive higher frequency 
estimates of stocks variables using their annual value and related flow indicators at high 
frequency. An example of this method is given for quarterly non-financial corporations' 
capital in computers and communication equipment. Although presented in the case of stock 
variables, all the results from this paper hold in the case of flow variables disaggregated 
either with static or dynamic models. 
Keywords: temporal disaggregation, Chow-Lin, Denton, quarterly national accounts 

 
 

La désagrégation de variables de stock 
Par la méthode de Chow-Lin généralisée aux modèles 

dynamiques 

Résumé 

Les méthodes de désagrégation temporelle depuis le papier de Chow et Lin se sont 
concentrées sur la désagrégation temporelle de variables de flux. De surcroît, ces méthodes 
optimales ont cantonné les aspects dynamiques de la relation entre les séries temporelles 
au résidu de l'équation. Néanmoins, ces méthodes ont fait leurs preuves pour la construction 
des comptes trimestriels dans plusieurs pays en Europe (France, Italie, Espagne, Portugal, 
Suisse). 
 
Dans la veine de cette littérature, cet article propose une méthode optimale de calcul de 
variables de stocks à fréquence infra-annuelle à partir de leur contrepartie annuelle et 
d'indicateurs de flux associés. Bien que cet article traite le cas des variables de stocks, tous 
les résultats qu'il contient sont directement applicables au cas plus traditionnel des variables 
de flux suivant des modèles statiques aussi bien que dynamiques. Cette méthode est mise 
en œuvre dans un exemple pour trimestrialiser le capital des sociétés non financières en 
ordinateurs et matériels de communication. 

Mots clés : désagrégation temporelle, Chow-Lin, Denton, comptes nationaux trimestriels 

Code JEL : C22, C51, C82, E01 



Introduction

Temporal disaggregation models are used to produce high frequency esti-
mates benchmarked on a low frequency time series using high frequencey
indicators. In particular, these models are currently used in numbers of
countries (France, Italy, Spain, Portugal, Switzerland) to compute quarterly
national accounts from annual estimates and quarterly or monthly indica-
tors. In addition to their numerous properties (lack of bias in particular),
these models can also optimally extrapolate the high frequency estimates
(e.g. estimate the quarterly accounts before the annual accounts are com-
puted).

Since the seminal paper by Chow and Lin [3], the literature on tempo-
ral disaggregation has focused on temporal disaggregation of flow variables.
Moreover, this literature on optimal methods has traditionally focused on
static models and forced all the dynamic dimension of the link between
time series to be embedded in the unexplained component. This question
of the dynamic structure of the model’s residual has been central in the
development of this literature by Bournay and Laroque [2], Litterman [8],
Fernandez [5]. Some developments to include a dynamic component to the
model instead of its residual were performed by Santos Silva and Cardoso [9]
or Gregoir [7].

Following this literature, this paper describes an optimal method to de-
rive higher frequency estimates of stock variables using their annual value
and related flows.

Thus, this method paves the way for the production of quarterly ac-
counts of stock variables such as productive capital, benchmarked on an-
nual accounts. Although they are presented in the case of stock variables,
all the results from this paper can be directly adapted to the case of flow
variables in either static or dynamic models. Moreover, contrary to some of
the latest developments in temporal disaggregation, this method does not
rely on the Kalman filter framework; the likelihood of this class of problems
can be directly expressed and simpler maximum likelihood estimation can
be performed.

In addition, I show that the estimated high frequency residual may not
have the same autocorrelation properties as the assumed data generating
process. This is a general result in signal extraction theory which applies
to all the methods in the Chow-Lin literature but does not disqualify the
methodology. One of its consequences is well known: in a classic problem of
temporal disaggregation (static model for flows), one should not assume the
residuals to be white noise for fear of introducing unexplained jumps every
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first quarter in the high frequency series. I show that in the more general
framework considered here, the same recommendation applies: the statisti-
cally optimal distribution of the high frequency residual can induce undesir-
able features. As a consequence, Denton’s benchmarking method [4] which
avoids such undesirable features may be found appealing. It is sometimes
opposed to optimal methods for it is agnostic on the stochastic structure of
the residual; however, even in the more general problems considered here,
this method applied in a two-step temporal disaggregation is identical to an
optimal method where the model’s residual is assumed to be a random walk
(Fernandez [5] first showed this result for static models of flow variables).

In an application example, I interpolate annual stocks of computers and
communication equipments in non-financial corporations.

The remainder of this paper is organized as follows: part 1 presents the
optimal solution to a dynamic model for stock variables, part 2 investigates
three alternative choices for the stochastic structure of the model’s residual
and part 3 presents an application of this method on French data.

1 A general framework for temporal disaggrega-
tion

1.1 Dynamic models for stocks

Stock variables are usually modelled following equation (1), with stocks S

and flows F and a depreciation rate ρ � 1.

St � ρSt�1 � Ftγ � εt (1)

Let f denote the periodicity of the flows (e.g. 12 months or 4 quarters)
and N � 1 the number of years for which the stocks are measured. By as-
sumption, only �Sfn�0BnBN is known (i.e stock every f periods), while flows
are measured every period �Ft�0�tBfN . The purpose of temporal disaggrega-
tion of stocks is to estimate �St�0�tBfN every period using equation (1) and�Ft�0�tBfN , given �Sfn�0BnBN .�Ft�0�tBfN may encompass more than one flow and can imperfectly mea-
sure the flows (hence the vector of coefficients γ in equation 1). For instance,
in addition to regular flows, the set of regressors can include exceptional
changes of stocks, dummies for changes in legislation or extraordinary events
(e.g. a storm or a flood destroying part of the capital stock).
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One can iterate equation (1) in the following way:

St � ρfSt�f � f�1Q
i�0 ρi �Ft�iγ � εt�i� (2)� f�1Q

i�0 ρiεt�i � St � ρfSt�f � f�1Q
i�0 ρiFt�iγ (3)

Let θt denote Pf�1
i�0 ρiεt�i, one then finds:

θt � St � ρfSt�f � f�1Q
i�0 ρiFt�iγ (4)

Matrix notations Let Σ denote the ��N �1��1�� vector of annual stocks
(from year 0 to N) and X the �fN � x� vectors of flows. Let Θ denote the
vector �θf , θ2f . . . , θfN �. And let AaB denote the Kronecker product of A
by B. Equation (4) becomes:

Θ � <�������> �ρf 1 0 . . . 0

0 �ρf 1 0 . . .� � 0

. . . 0 �ρf 1

=AAAAAAA?Σ � Id�N�a � ρf�1 . . . ρ 1 �Xγ (5)

With straightforward notations, I can write

Θ �M1�ρ�Σ �M2�ρ�Xγ (6)

Temporal disaggregation of flows, using either static or dynamic models can
be written similarly to equation (6) and treated using the method described
in this paper (see appendix A).

1.2 General solution

To estimate the value of the depreciation rate ρ and the parameters in γ,
one should assume a stochastic structure for the high frequency residual ε.
In particular, let Ω denote the variance-covariance matrix of ε.

Two questions in one In a temporal disaggregation problem, the aim is
to estimate both the parameters of the model and the high frequency resid-
uals at the same time. This problem can be solved by maximum likelihood:

Max
E,ρ,γ,Ω

1º
2π

fN SΩSexp��12E�Ω�1E� (7)

s.t. M2E � Θ (8)

with E the �fN � 1� vector of ε and the simplifying notation M2 �M2�ρ�.
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A formal solution for E For any value of the parameters to be estimated,
the optimisation with respect to E yields the following solution:

E � ΩM �
2 �M2ΩM

�
2��1Θ (9)

Proof The program can be rewritten:

Min
E

1

2
E�Ω�1E (10)

s.t. M2E � Θ (11)

The first order condition of this program reads, with λ the corresponding
Lagrange multiplier: � Ω�1 �M �

2

M2 0
	 � E

λ
	 � � 0

Θ
	 (12)

From this system, one can isolate λ � �M2ΩM
�
2��1Θ and consequently E �

ΩM �
2 �M2ΩM

�
2��1Θ. Ì

As ε is an exogenous and unexplained component, one may want to
smooth it. As I show in section 1.3 and the examples in 2, the statistically
optimal distribution of the high frequency residual can induce undesirable
features such as a jump every first quarter.

Concentrated likelihood of this problem It is straightforward to check
that solution (9) always fulfils the constraint (8). Thus, to estimate the
model’s parameters, problem (7) can be summarized into:

Max
ρ,γ,Ω

1º
2π

fN SΩSexp��12Θ� �Ωθ��1Θ� (13)

with Ωθ �M2ΩM
�
2
the variance-covariance matrix of Θ.

As a consequence, the analytical formula for the likelihood can be written
and maximized directly. It is then not useful to use a state-space represen-
tation and the numerical computation of the likelihood by the Kalman filter
to find the optimal values for the parameters.

Proof Since solution (9) holds and verifies the constraint (8), one can
eliminate the constraint from the program and replace:

E�Ω�1E � �ΩM �
2 �M2ΩM

�
2��1ΘǑ�Ω�1 �ΩM �

2 �M2ΩM
�
2��1ΘǑ (14)� Θ��M2ΩM

�
2��1�M2ΩΩ

�1ΩM �
2 �M2ΩM

�
2��1Θ (15)� Θ��M2ΩM

�
2��1�Θ (16)� Θ� �M2ΩM
�
2��1Θ � Θ� �Ωθ��1Θ (17)

6



since Ω and Ωθ are symmetric. Ì
Note that, although it is close to the likelihood function of Θ, the objec-

tive function to be maximized here is slightly different (the determinant is
that of Ω not Ωθ).

1.3 Stochastic properties of the estimated residual at high
frequency

Theoretical variance-covariance matrix of the estimated residual

Given formula (9), the estimated residual is equal to Ê � ΩM �
2 �M2ΩM

�
2��1Θ

while by definition of M2, Θ �M2E.
Thus the theoretical variance-covariance matrix of the estimated process Ê
is:

E �ÊÊ�� � ΩE � ΩM �
2 �M2ΩM

�
2��1M2Ω (18)

It has the following property:

M2Ω
E �M2Ω (19)

ΩEM2 � ΩM �
2 (20)

If Ω � ΩE implies (19) and (20), the converse is false since M �
2M2, contrary

to M2M
�
2, is not invertible.

Hence, Ê does not have the same stochastic properties as E, but combines
the assumption made for E (through the matrix Ω) with the dynamics of
the model (M2).

An application of the Wiener-Kolmogorov optimal signal extrac-

tion theory The previous result can be linked to the signal extraction
framework developed by Wiener and Kolmogorov.
Conditional on the values of the parameters to be estimated, the problem
can be written as follows:

θfn � fQ
i�1ωn,i with ωn,i � ρf�iεf�n�1��i (21)

θfn observed every f period is the sum of f signals �ωn,i�1BnBN .

On a two-sided infinite sample, the optimal filter to extract each of these
signals takes the form:

ω̂n,i � ªQ�ªγs,iθf�y�s� � γi�L�θfy (22)
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— — — —
time

—
Q1
Y

Q2
Y

Q3
Y

Q4
Y

θ4n � P4
i�1 ρ4�iε4�n�1��i θ4�n�1�θ4�n�1�ωn,1 � ρ3ε4�n�1��1ωn,2 � ρ2ε4�n�1��2ωn,3 � ρε4�n�1��3ωn,4 � ε4n

Figure 1: Timeline example with quarterly data (f � 4)

with γi�L� � Pª�ª γs,iL
s, L the lag operator for annual data.

We know from signal extraction theory (see Whittle[10]) that γi depends on
the covariance generating functions of the f�1 processes �θfn, ωn,1,�, ωn,f�n>Z.

γi�L� � fωi,ωi
�L� �Pjxi fωi,ωj

�L�
fθ,θ�L� (23)

In the most simple case where ε is an i.i.d white noise of variance σ2 the
formula simplifies to:

γi�L� � ρ2�f�i�σ2Pf
i�1 ρ2�f�i�σ2

(24)� ρ2�f�i�
1�ρ2f
1�ρ2 (25)

which yields

ω̂n,i � 1 � ρ2

1 � ρ2f
ρ2�f�i�θfn (26)

ε̂f�n�1��i � 1 � ρ2

1 � ρ2f
ρf�iθfn (27)

Given the i.i.d hypothesis, this result is identical to the solution in finite
sample detailed in section 2.1.

In the static case, we noted that M2�ρ� should be replaced by M2�1�
in the definition of Θ, in other words ρ � 1 in the definition of ωn,i, thus
equation 24 simplifies into γi�L� � 1

f
which yields the standard result ω̂n,i �

ε̂f�n�1��i � θfn
f

exemplified by figure 3.b.
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In the general case, the autocovariance generating function of ω̂n,i is:
1

fω̂i,ω̂i
�L� � γi�L�γi�L�1�fθ,θ�L� (28)� Pf

j�1 fωi,ωj
�L�Pf

j�1 fωi,ωj
�L�1�Pf

i�1Pf
j�1 fωi,ωj

�L�1� (29)

from which the property fω̂i,ω̂i
� fωi,ωi

is not true in general.

The covariance generating function of ω̂i with ω̂k is:

fω̂i,ω̂k
�L� � γi�L�γk�L�1�fθ,θ�L� (30)� Pf

j�1 fωi,ωj
�L�Pf

j�1 fωk,ωj
�L�1�Pf

i�1Pf
j�1 fωi,ωj

�L�1� (31)� Pf
j�1 fωi,ωj

�L�Pf
j�1 fωj ,ωk

�L�Pf
i�1Pf

j�1 fωi,ωj
�L�1� (32)

and here again, the property fω̂i,ω̂k
� fωi,ωk

is not true in general.
In particular in the white noise case, even though we assumed that there is no
correlation between sub-periods within and across the years (fωi,ωk

� 0), the

estimated process shows correlation within the years (fω̂i,ω̂k
� 1�ρ2

1�ρ2f ρ2�2f�i�k�)
.
This property does not invalidate the estimation procedure but is a general
result of optimal signal extraction in unobserved component models. This
property is also not due to the sample size.

2 Three alternative models for the high frequency
residual ε

To estimate the value of the depreciation rate ρ and the vector γ, one should
assume a stochastic structure for the high frequency residual ε in order to
maximize the concentrated likelihood (13).

2.1 White noise residuals ε

It is straightforward to see that θfi is a linear combination of �ε�i�1�f�1, ε�i�1�f�2,�, εif �.
It is independant from θfj �j x i when ε is white noise (see Figure 1).

If one assumes ε � N �0, σ2�, then θ � N �0, σ2 1�ρ2f
1�ρ2 Ǒ. The log-likelihood to

be maximized then becomes:L�Σ,X, ρ,σ� � �N
2
log�2π� � N

2
log �σ2� � Θ�Θ

2σ2 1�ρ2f
1�ρ2 (33)

1This result is based on the following property: if yt � A�L�xt then fy,y�L� �
A�L�A�L�1�fx,x�L�
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Given the annual discrepancies Θ, the optimal values for the residual at
high frequency (E) is given by equation (9), which simplifies into:

E �M �
2�M2M

�
2��1Θ (34)

E � 1 � ρ2

1 � ρ2f
M �

2Θ (35)

As a consequence, the sequence of ε is

εf�n�1��i � 1 � ρ2

1 � ρ2f
ρf�iθnf with 1 B i B f 1 B n B N (36)

which is identical to the result in infinite sample (27).
Ex-post, the high frequency residuals, although assumed to be white noise,
are not stationnary within each year (but follow a geometric series with
coefficient 1

ρ
A 1). Indeed, the variance covariance matrix of the process

once reconstructed at high frequency reads

ΩE � σ2Id�N�a � 1 � ρ2

1 � ρ2f
�<�������> 1 ρ�1 ρ�2 . . . ρ�f

ρ�1 1 ρ�1 . . . ρ�f�1� � �
ρ�f . . . ρ�2 ρ�1 1

=AAAAAAA? (37)

One can recognize the Kronecker product of the variance covariance ma-
trix of an i.i.d white noise at low frequency and an autocorrelated but not
stationary process at high frequency.

Moreover, estimated shocks exhibit breaks every f periods. The mag-
nitude of these breaks increases with the variance of θ. Figure 2 illustrates
this undesired property on a simulated sample of 15 years.2

Figure 3 shows that the same result holds for the optimal method ap-
plied to flow variables in a static model -when ρ � 0- which justified the
developments proposed by Litterman [8], Bournay and Laroque [2], Fernan-
dez [5]. Figure 3 also shows that even in a dynamic model for flows, as
in Santos Silva and Cardoso [9], the solution with a white noise hypothesis
exhibits jumps every first quarter.3 In particular, one can check that when
the dynamic component of the model diminishes (ρ � 0), the treatment of
the discrepancy tends to simply divide the annual residual by the number of
sub-periods (4 quarters or 12 months), as it is the case for the static model.
In other words, it is only with highly autocorrelated models that the impact
of the estimated residual on the final estimates can be minimized.

2In the European Union, 15 years is approximately the minimum length of quarterly

national accounts computed by national statistical institutes as Eurostat requires data

since 1995.
3Figure 3.a is however different from Figure 2 since in a stock model only θft is observed

while in a flow model Pf�1
i�0 θft�i is.
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Figure 2: Simulated and estimated residual under white noise hypothesis,
in a stock model (ρ � 0.8)
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a. Dynamic model (ρ � 0.8)
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b. Static model (ρ � 0.8)

Figure 3: Simulated and estimated residual under white noise hypothesis,
in a flow model
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2.2 Autocorrelated residuals (AR(1))

I now assume that the high frequency residual follow an AR(1) process:

εt � µεt�1 � ηt (38)

with η a white noise.
Figure 4 shows that when the high frequency residual is assumed to

follow an AR(1) process, the estimation yields to a much smoother result.
However, while the underlying AR(1) is slightly autocorrelated (µ � 0.3),
the estimated AR(1) is markedly so. As it is expected from formula (18),
the estimated shocks at high frequency encompasses both dynamics, that of
the theoretical shock and that of the model.

−3

−2

−1

0

1

2

1995 1997 1999 2001 2003 2005 2007 2009

simulated AR(1)
estimated AR(1)
annual residual (Theta)

Figure 4: Simulated and estimated residual under AR(1) hypothesis (µ �
0.3), in a stock model (ρ � 0.8)

2.3 Random walk residual: where Chow-Lin and Denton
meet

I assume that:

εt � εt�1 � ηt (39)

with η a stationary process of innovations. In this particular case, the like-
lihood to be maximized should be modified into:
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Max
E,ρ,γ,Ωη

1º
2π

fN SΩηSexp��12 �D1E�� �Ωη��1D1E� (40)

s.t. M2E � Θ (41)

with Ωη the variance-covariance matrix of the innovation η and D1 the first
difference operator.

D1 � <�������> �1 1 0
0 �1 1 0� �

0 �1 1

=AAAAAAA? (42)

This problem can be treated identically to (7), (8).

If I assume η to be white noise, Ωη � Id, the solution for E is:

E � �D�
1D1��1M �

2 �M2 �D�
1D1��1M �

2Ǒ�1Θ (43)

It is worth noticing that this is exactly the solution proposed by Denton [4]
to distribute an annual discrepancy. Although Denton’s method is gener-
ally opposed to Chow-Lin for it is agnostic and deterministic, Denton’s is
simply a specific case of Chow-Lin’s optimal problem (Fernandez [5] shows
this result in the case of static models).
The advantage of this method is that it minimizes the variations of the resid-
ual from period to period; hence, ex-post, the profile of the high frequency
estimate is impacted as little as possible by the unexplained component of
the model.

Summarized theoretical results� It is possible to simply estimate a dynamic model of temporal disag-
gregation by maximum likelihood (without using a Kalman filter).� Even in a dynamic model, errors should not be assumed to be white
noise if one wants to minimize the impact of the unexplained compo-
nent on the profile of the result.� It is impossible to find a residual that fits the stochastic structure
assumed for it. Ex-post, the dynamic structure of the residual will
combine the assumption made for it with that of the model. This is a
property of optimal signal extraction in unobserved component models
and does not disqualify the estimation procedure.� Chow-Lin and Denton methods are not to be opposed. In fact, Den-
ton’s is a specific case of Chow-Lin’s with a practical assumption lead-
ing to a smooth residual.
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3 Example on real data

3.1 Non-financial corporations’ capital in computers and com-

munication equipment

Using annual data for non-financial corporations from the annual accounts
and quarterly investment from the quarterly accounts, I estimate the follow-
ing model:

Kt � ρKt�1 � νIt � εt (44)

and either

(i) εt � µεt�1 � ηt

(ii) εt � εt�1 � µ�εt�1 � εt�2� � ηt

(iii) εt � εt�1 � ηt

with ηt �N �0, σ2�
with K the stock of capital in computers and communication equipment

and I the GFCF in computers, electronic and optical products.
Parameter ρ is equal to one minus a constant quarterly depreciation rate.
Parameter ν accounts for the fact that investment and capital are taken in
slightly different nomenclatures and also that there is depreciation within
the first period when an equipment is bought. Parameters µ and σ are the
autocorrelation of the high frequency residual (or its first difference in the
I(1) case) and the standard error of its innovation.

Rationale for testing a constant depreciation rate The annual ac-
counts for capital are built using the permanent inventory method at a very
detailed level. This method assumes that the life length of an equipment
follows a truncated log-normal distribution calibrated to verify some infor-
mation on the average duration of the equipment. Between its purchase and
its destruction, the equipment is also assumed to be linearly depreciated.
Although this method does not assume a constant depreciation rate, the
combination of the two preceding hypothesis yields depreciation coefficients
which are decreasing and convex and thus can be approximated by a geo-
metric series.
For computers and communication equipment, the assumptions made in the
permanent inventory method in France are best approximated4 with a quar-
terly depreciation rate of 0.87 and 0.93 respectively.

Using quarterly accounts for investment, it is not possible to rely on a
permanent inventory method since the data are not available at the same

4A constant depreciation rate for each asset has been fitted using OLS to the depreci-

ation curves used by national accounts.
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detailed level. Also, this method requires to initialize the time series by
”sacrificing” as many points as the maximum duration of the equipment (20
years for communication equipment and 10 years for computers) while with
the present method the quarterly time series is initialized by the first annual
value available.

model (i) (ii) (iii)

residual AR(1) I(1)

constraints µ � 0

ρ 0.935 0.944 0.945
µ 0.999 0.908 -
σ 5.594 2.610 5.998
ν 0.988 1.001 0.983

log-likelihood -719.3* -508.2 -726.2

*: optimum found at the boundary for the parameters’ set (µ � 1)

Table 1: Results for the optimization of a capital model for non-financial
corporations in computers and communication equipment

I estimated the dynamic model with the following constraints on the
parameters:� 0 � ρ � 1� 0 � µ � 1� 0 � σ �ª� 0 � ν � 2

The results from three different specifications of the error term in equa-
tion (44) are gathered in Table 1. Based on the likelihood criteria, the
favoured model is (ii), with I(1) errors and autocorrelation in its innova-
tions. The estimated time series resulting from the model is displayed on
figure 5. The depreciation coefficient equals 0.94 which is consistent with the
value estimated for communication equipment from the annual hypothesis
of the permanent inventory method. The standard deviation of the errors
is smaller than 3 (millions euros of 2005) while for comparison, the stan-
dard error of the quarterly changes in investment is larger than 40 (million
euros of 2005). Figure 6 shows the contribution of the error and the invest-
ment to quarterly changes in capital. It is compared with a counterfactual
estimation using Boots, Feibes and Lisman [1] interpolation technique. As
expected the error accounts for a smaller share of the result and its volatility
than investment.
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Quarterly investment in divisions 26 and 27 of NAF rev2 (classification
of products) is 5 to 10% smaller than the annual investment time series cor-
responding to computers and communication equipment (assets AN.111321
and AN.11322 in Eurostat’s classification of assets). One would thus expect
ν to be larger than one. Yet, the estimated value of ν is close to one, indicat-
ing that there is depreciation of the equipment during the first period when
it is purchased, which is consistent with the method used for the annual
counterpart.5

10000

15000

20000

25000

30000

1978 1980 1982 1984 1986 1988 1990 1992 1994 1996 1998 2000 2002 2004 2006 2008 2010

Quarterly Capital
Capital on December 31

Figure 5: Quarterly Capital of non-financial corporations in computers and
communication equipment

5This result shall be borne in mind by macro-economists when writing the dynamics

of capital in a model.
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Figure 6: Quarterly Capital of Non-financial corporations in computers and
communication equipment (Quarterly Changes)
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A A simple adaptation of the method to flows

A.1 From stocks to dynamic models for flows

The use of dynamic models in this case may seem less intuitive than for
stock variables. However, from a purely statistical point of view, these
models are more general than models where all the dynamics in embedded
in the residual.
The dynamic model for flows can be treated in this framework.

F
hf
t � ρF

hf
t�1 �Ftγ � εt (45)

with F hf the high frequency flows to be estimated and F the corresponding
indicators.
To isolate the observed variables when working with flow data, one should
iterate equation 1 as in 3 and sum this equation for the f periods of each
year. This operation yields

θ
flow
t � F a

t � ρfF a
t�f � tQ

j�t�f�1 f�1Qi�0 ρiFj�iγ (46)

where F a
t �Pt

i�t�f�1 F hf
i is the given annual vector of flows and θ

flow
t denotePt

i�t�f�1 θi.
In this case let Σ denote the ��N�1��1� vector of annual flows, X the ��fN�
f � 1� � x� vectors of indicators6 and Θ the vector �θflow

f
, θ

flow
2f

. . . , θ
flow
fN

�.
With the same notations as the ones used above, I can write

Θ �M1�ρ�Σ �M2�1�M3�ρ�Xγ (47)

where M3�ρ� is defined as follows:

M3�ρ� � <����������> ρf�1 ρf�2 � 1

ρf�1 ρf�2 � 1� �� �
ρf�1 ρf�2 � 1

=AAAAAAAAAA? (48)

Thus all the following results, though presented in the case of dynamic
variables for stocks, also hold in the case of a dynamic model of flows.

A.2 Back to basics: static model for flows

This framework is also compatible with the original static problem of tem-
poral disaggregation:

F
hf
t � Ftγ � εt (49)

6If the estimation starts in year 1, year 0 should be given in annual and indicators

should be known from the second period of year 0.
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In this case, summing this equation for the f periods of each year isolates
the observed variables. This summation is done by multiplying the vectors
in high frequency by M2�1�. Note that contrary to the previous cases, no
additional points for annual flows and indicators are required to initialize
the model and consequently M1 is a square matrix.
With the same notations as earlier:

Θ � Σ �M2�1�Xγ (50)

Thus all the results presented in this paper, though presented in the case of
dynamic variables for stocks, also hold in the case of a static model of flows.

B Numerical results of the maximization on cap-

ital data
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Figure 7: Log-Likelyhood on capital data for the I(1) at the optimum as a
function of ρ, µ, ν and σ
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The hessian matrix at the optimum when minimizing the opposite of the
log-likelihood of the I(1) model reads:

H � <�������> 40060180 �59033.016977 �0.07228564 2422665�59033.02 1598.610727 7.94060240 �3918.249�0.07228564 7.940602 77.56226762 �0.04323517
2422665 �3918.248714 �0.04323517 158573.1

=AAAAAAA? (51)

Its eigenvalues are 40206821, 12028, 1500 and 78.
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C A simple code to perform such a method with
R

########################################################

# code for temporal disaggregation of stock variables

# Aurélien Poissonnier

# aurelien.poissonnier[at]insee.fr

# Insee - Crest LMA

# October 2012

########################################################

#First let’s define some usefull matrices

#________________________________________

## using the paper’s notations

Mat2<-function(r,n,f){

# r the value of rho

# f the high frequency (4=quarterly, 12=monthly)

# n the number of year (or more generally benchmark points)

vec<-t(as.matrix(rep(0,f)))

vec<-as.numeric(r)^(length(vec)-col(vec))

id<-diag(rep(1,n))

M2<-kronecker(id,vec)

return(M2)

}

Mat1<-function(r,n,f){

# r the value of rho

# f the high frequency (4=quarterly, 12=monthly)

# n the number of year (or more generally benchmark points)

M1<-diag(rep(r^f,n), ncol=n+1)

un<-diag(rep(1,n),ncol=n+1)

un<-cbind(un[,n+1],un[,1:n])

M1<-M1-un

return(M1)

}

## covariance matrix of an AR(1) shock

omega<-function(mu,n,f,sigma){

# mu is autocorrelation
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# f the high frequency (4=quarterly, 12=monthly)

# n the number of year (or more generally benchmark points)

# sigma the standard error of the innovation

p<-n*f

x<-diag(p)

g0<-as.numeric(sigma^2/(1-mu^2))

x<-g0*as.numeric(mu)^abs(row(x)-col(x))

x

}

## the first difference operator

D1<-function(n,f){

# f the high frequency (4=quarterly, 12=monthly)

# n the number of year (or more generally benchmark points)

dia<-diag(rep(1,n*f), ncol=n*f)

surdia<-diag(rep(1,n*f-1),ncol=n*f-1)

surdia<-rbind(cbind(rep(0,n*f-1),surdia),rep(0,n*f))

D1<--dia+surdia

return(D1)

}

#Second write the likelihood function

#____________________________________

like<-function(S,X,r,mu,sigma,gamma){

# S the low frequency benchmark (i.e. annual stocks)

# X the matrix of indicators

# r the value for rho

# mu the autocorraltion of the shock

# sigma the standard error of the innovation

# gamma the vector of coefficients associated with the indicators in X

f<-frequency(X)

n<-end(S)[1]-start(S)[1]

#the constraint reads:

T<-Mat1(r,n,f)%*%S+Mat2(r,n,f)%*%X%*%gamma

#det(omega(mu,n,f,sigma))==sigma^(2*n*f)/(1-mu^2)

loglikelihood<- -(n*f)/2*log(2*pi)-n*f*log(sigma^2)+log(abs(1-mu^2))

-t(T)%*%solve(Mat2(r,n,f)%*%omega(mu,n,f,sigma)%*%t(Mat2(r,n,f)))%*%T

return(loglikelihood)

}

## same thing but for an ARIMA(1,1,0) shock

likeD<-function(S,X,r,mu,sigma,gamma){
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f<-frequency(X)

n<-end(S)[1]-start(S)[1]

T<-Mat1(r,n,f)%*%S+Mat2(r,n,f)%*%X%*%gamma

loglikelihood<- -(n*f)/2*log(2*pi)-n*f*log(sigma^2)+log(abs(1-mu^2))

-t(T)%*%solve(Mat2(r,n,f)%*%

solve(t(D1(n,f))%*%solve(omega(mu,n,f,sigma))%*%D1(n,f))%*%t(Mat2(r,n,f)))%*%T

return(loglikelihood)

}

## same thing but for an ARIMA(1,2,0) shock

likeDD<-function(S,X,r,mu,sigma,gamma){

f<-frequency(X)

n<-end(S)[1]-start(S)[1]

T<-Mat1(r,n,f)%*%S+Mat2(r,n,f)%*%X%*%gamma

loglikelihood<- -(n*f)/2*log(2*pi)-n*f*log(sigma^2)+log(abs(1-mu^2))

-t(T)%*%solve(Mat2(r,n,f)%*%solve(t(D1(n,f)%*%D1(n,f))%*%

solve(omega(mu,n,f,sigma))%*%D1(n,f)%*%D1(n,f))%*%t(Mat2(r,n,f)))%*%T

return(loglikelihood)

}

#Third find the optimum of the likelihood function

#_________________________________________________

# in the case of an unconstrained estimation

# with S the given vector of stocks

# X a matrix of two regressors: an indicator and a constant

# y is the vector of parameters to be found

lev.uncons<-function(y){

-like(S,X,y[1],y[2],y[3],as.matrix(c(y[4],y[5])))

}

#you can use any optimisation algorithm

solDnc<-optim(c(0.9,0.9,1000,0.3), lev.uncons, method = "L-BFGS-B",

lower = c(0.1,0,0.1,0.01), upper = c(1,0.999,Inf,1), hessian = TRUE)

# in the case of a integrated shock,

#one can not identify the coefficient associated with the constant

# hence one should set y[5]=0,

#and identically for a second order of integration

diff.uncons<-function(y){

-likeD(S,X,y[1],y[2],y[3],as.matrix(c(y[4],0)))}
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