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Online Complement — History and Foundations of Econometric and Machine Learning Models

Econometrics and the Probabilistic Model

The importance of probabilistic models in economics is rooted in Working’s (1927) questions and the attempts to
answer them in Tinbergen’s two volumes (1939). The latter have subsequently generated a great deal of reflexions,
as recalled by Duo (1993) in his book on the foundations of econometrics, and more particularly in the first chapter
“The Probability Foundations of Econometrics”. Trygve Haavelmo, who was awarded the Nobel Prize in
Economics in 1989 for his “clarification of the foundations of the probabilistic theory of econometrics” recognized
that influence. More specifically, Haavelmo (1944), which initiated a profound change in econometric theory (as
recalled in the Chapter 8 of Morgan (1990)), stated that econometrics is fundamentally based on a Probabilistic
Model, for two main reasons. First, the use of statistical quantities (or “measures”) such as means, standard errors
and correlation coefficients for inferential purposes can only be justified if the process generating the data can be
expressed in terms of a probabilistic model. Second, the probability approach is relatively general, and is
particularly well suited to the analysis of “dependent” and “non-homogeneous” observations, as they are often
found on economic data. In this framework, we will assume that there is a probabilistic space (2, F, P) such that
observations (y;, x;) are seen as realizations of random variables (Y;, X;). In practice, we are not very interested
by the joint distribution of the pair (¥, X) : the law of X is unknown (actually all the analysis is done conditional
on observations x;) and it is the law of Y conditional on X that we will be interested in. In the following, we will
denote x a single observation, x a vector of observations, X a random variable, and X a random vector. Abusively,
X may also designate the matrix of individual observations (denoted x;), depending on the context.

Foundations of Mathematical Statistics

As recalled in Vapnik (1998)’s introduction, inference in parametric statistics is based on the following belief: the
statistician knows the problem to be analyzed well, in particular, he knows the physical law that generates the
stochastic properties of the data, and the function to be found is written via a finite number of parameters®. To find
these parameters, the maximum likelihood method is usually considered. There are many theoretical justification
for this approach. We will see that in learning, philosophy is very different, since we do not have a priori reliable
information on the statistical law underlying the problem, nor even on the function we would like to approach (we
will then propose methods to construct an approximation from the data at our disposal, as in Vapnik (1998)). A
“golden age” of parametric inference, from 1930 to 1960, laid the foundations for mathematical statistics, which
can be found in all statistical textbooks, including those used nowadays as references in many courses.

As Vapnik (1998) states, the classical parametric paradigm is based on the following three beliefs:

- To find a functional relationship from the data, the statistician is able to define a set of functions, linear in their
parameters, that contain a good approximation of the desired function. The number of parameters describing this
set is small.

- The statistical law underlying the stochastic component of most real-life problems is the normal law. This belief
has been supported by reference to the central limit theorem, which stipulates that under large conditions the sum
of a large number of random variables can be approximated by the normal distribution.

- The maximum likelihood method is a good tool for estimating parameters.

In this section we will come back to the construction of the econometric paradigm, directly inspired by that of
classical inferential statistics.

Conditional Distributions and Likelihood
Linear econometrics has been constructed under the assumption of individual data, which amounts to assuming
independent? variables (Y;, X;). More precisely, we will assume that, conditionally to the explanatory variables X;,

variables Y; are independent. We will also assume that these conditional distributions remain in the same
parametric family, but that the parameter is a function of x. In the Gaussian linear model it is assumed that:

YlX =x) < N (u(x),0?) where u(x) = S, + x"8,and B € RP. ))

! This approach can be compared to structural econometrics, as presented for example in Kean (2010).
2 1t is possible to consider temporal observations, then we would have time series (Y;, X;), but we will not discuss those in
this article.
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It is usually called a ‘linear’ model since E[Y|X = x] = B, + xT S is a linear combination of the covariates. It is
said to be a homoscedastic model if Var[Y|X = x] = 62, where ¢? is a positive constant. To estimate the
parameters, the traditional approach is to use the Maximum Likelihood estimator, as initially suggested by Ronald
Fisher. In the case of the Gaussian linear model, log-likelihood is written:

2 n 2 1 N T 22
logZ(Bo, B, 021y, %) = —3l0g[2na?] =5 > (3 = fo = "B
i=1

Note that the term on the right, measuring a distance between the data and the model, will be interpreted as
deviance in generalized linear models. Then we will set:

(ﬁo '[3'6'2) = argmax{logﬁ(ﬁo, ﬁ,azb’, X)}

From the right term, the maximum likelihood estimator is obtained by minimizing the sum of the error squares
(the so-called “least squares” estimator) that we will find in the “machine learning” approach. The first order

conditions allow to find the normal equations, whose matrix writing is X" [y — X ] = 0, which can also be written
(XTX) B = XTy. If X is a full (column) rank matrix, then we find the classical estimator:

B=X"X)"XTy =B+ (X"X) X" (2)
using residual-based writing (as often in econometrics), y = x”B + . Gauss Markov’s theorem ensures that this

estimator is the unbiased linear estimator with minimum variance. It can then be shown that
B < N(B,0%[XTX]™1), and in particular, if we simply need the first two moments:

E[B] = B and Var[B] = ¢2[X"X]™*

In fact, the normality hypothesis makes it possible to make a link with mathematical statistics, but it is possible to
construct this estimator given by equation (2) without that Gaussian assumption. Hence, if we assume that Y |X =

x = xTB + &, where £ have the same distribution, with E[¢] = 0, Var[e] = o2, and Cov[e, X;] = 0 for all j, then
$ is an unbiased estimator of B with smallest variance among unbiased linear estimators. Furthermore, if we cannot

A L
get normality at finite distance, asymptotically this estimator is Gaussian, with vn(s — ) = N'(0,X) asn — oo,
for some matrix X.

The condition of having a full rank X matrix can be (numerically) strong in large dimensions. If it is not satisfied,
B = (XTX)"1XTy does not exist. If I denotes the identity matrix, however, it should be noted that
(XTX + A)~1XTy always exists, whatever A > 0. This estimator is called the ridge estimator of level \lambda
(introduced in the 1960s by Hoerl (1962), and associated with a regularization studied by Tikhonov, 1963). This
estimator naturally appears in a Bayesian econometric context.

Residuals

It is not uncommon to introduce the linear model from the distribution of the residuals, as we mentioned earlier.
Also, equation (1) is written as often:

Vi=Bot+x"B+eg 3

where ¢;’s are realizations of independent and identically distributed random variables (i.i.d.) from some NV (0, 02).
distribution. With a vector notation, we will write € = N (0, 0%I); the estimated residuals are defined as:
&=y —[B, +x" Bl

Those (estimated) residuals are basic tools for diagnosing the relevance of the model. An extension of the model
described by equation (1) has been proposed to take into account a possible heteroscedastic feature:

(Y1X = %) = N (u(x), 02(x))

where a2 (x) is a positive function of the explanatory variables. In that case, this model can be rewritten as :
Yi=PBot+x"B+0%(x) &

where residuals are always i.i.d., with unit variance:
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yi — [Bo + x;,"B]
a(x;)

While equations based on residuals are popular in linear econometrics when the dependent variable is continuous,
it is no longer popular with counting models, or logistic regression. However, writing using an error term (as in
equation (3)) raises many questions about the representation of an economic relationship between two quantities.
For example, it can be assumed that there is a relationship (linear to begin with) between the quantities of a traded
good, g and its price p. This allows us to imagine a supply equation:

qi = Po + Bipi +
(u; being an error term) where the quantity sold depends on the price, but in an equally legitimate way, one can
imagine that the price depends on the quantity produced (what one could call a demand equation):

pi = aota1q; +v;

& =

(v; denoting another error term). Historically, the error term in equation (3) could be interpreted as an idiosyncratic
error on the variable y, the so-called explanatory variables being assumed to be fixed, but this interpretation often
makes the link between an economic relationship and a complicated economic model difficult, the economic theory
speaking abstractly about a relationship between a magnitude, the econometric model imposing a specific shape
(what magnitude is y and what magnitude is x) as shown in more detail in Morgan (1990) Chapter 7.

Geometric Properties of this Linear Model

Let’s define the scalar product in R, (a, b) = a”h, and let’s note || - || the associated Euclidean standard, ||a|| =
VaTa (denoted I-ll, in the following sections). Note £y the space generated by all linear combinations of the x
components (including the constant). If the explanatory variables are linearly independent, X is a full (column)
rank matrix and £y is a space of dimension p + 1. Let’s assume from now on that the variables x and y are centered
here. Note that no distributional hypothesis is made in this section, the geometric properties are derived from the
properties of expectation and variance in the set of finite variance variables.

With this notation, it should be noted that the linear model is written m(x) = (x, B). The space H, = {x €
R¥:m(x) = z} is a hyperplane (affine) that separates the space in two. Let’s define the orthogonal projection
operator on H,, I1,, = X[XTX]~1XT. Thus, the forecast that can be made for y is:

9 = X[X"X]"'XTy = Myy. @

Aseé =y —9 = (I—Iy)y =I,1y, wenote that & L x, which will be interpreted as meaning that residuals are
a term of innovation, unpredictable in the sense that IT, € = 0.

The Pythagorean theorem is written here:

Y1 = MLyl + My l? = Myl + lly = Dyl = 17117 + 112117

which is classically translated in terms of the sum of squares:
n n

n
2 _ A2 + ( A )2
Vi - yi Vi yi
i=1 i=1 i=1
N ~ .
nxtotal variance nxexplained variance nxresidual variance

The coefficient of determination R? is then interpreted as the square of the cosine of the angle 8 between y and

11 2 11 2
g MO Ml o
Iy Iyl

An important application was obtained by Frish & Waugh (1933), when the explanatory variables are divided into
two groups, X = [X;]X,], so that the regression becomes:

y=PBo+ X1+ X0, + €
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Frish & Waugh (1933) showed that two successive projections could be considered. Indeed, if y; =11 Xty and
X; = 1 X5, we can show that :
B, =1X:"X317'%5" y;

In other words, the overall estimate is equivalent to the combination of independent estimates of the two models
if X;=2X,, ie. X, € 8)%1, which can be noted x; L x,. We obtain here the Frisch-Waugh theorem which
guarantees that if the explanatory variables between the two groups are orthogonal, then the overall estimate is
equivalent to two independent regressions, on each of the sets of explanatory variables. This is a theorem of double
projection, on orthogonal spaces. Many results and interpretations are obtained through geometric interpretations
(fundamentally related to the links between conditional expectation and the orthogonal projection in space of
variables of finite variance).

This geometric interpretation might help to get a better understanding of the problem of under-identification, i.e.
the case where the real model would be y; = B, + x,TB; + x,7 B, + &;, but the estimated model is y; = B, +
x,Tb; + 1;. The maximum likelihood estimator of b, is :

N

by = XX X7y
XTX) T X [X1,iB1 + X182 + €]
XTX)TXTX By + (XTX) T XX B, + (X{ X)X e
= Bi+ (X' X)X X B, + (X{ X)) ' X] €
) B12 vi
so that E[b,] = B; + Bi2, the bias (B8;,) being null only in the case where X7 X, = 0 (i.e. X; 1 X,): we find here
a consequence of the Frisch-Waugh theorem.

On the other hand, over-identification corresponds to the case where the real model would be y; = 5, + x, 78, +
g;, but the estimated model is y; = B, + x;7b; + x,Tb, + n;. In this case, the estimate is unbiased, in the sense
that E(b,) = B, but the estimator is not efficient. Later on, we will discuss an effective method for selecting
variables (and avoid over-identification).

From parametrics to non-parametrics

We can rewrite equation (4) in the form:
y=XB=X[X"X]"'XTy = Iy

which helps us to see the forecast directly as a linear transformation of the observations. More generally, a linear
predictor can be obtained by considering m(x) = 5,7y, where s, is a weight vector, which depends on x,
interpreted as a smoothing vector. Using the vectors s,, calculated from the observations x;, we obtaina n X n
matrix S so that = Sy. In the case of the linear regression described above, s, = X[X7X] x, S = X[XTX]"1X
and in that case trace(S) is the number of columns in the X matrix (the number of explanatory variables). In this
context of more general linear predictors, trace(S) is often seen as equivalent to the number of parameters (or
complexity, or dimension, of the model), and v = n — trace(S) is then the number of degrees of freedom (see
Ruppert et al., 2003; Simonoff, 1996). The principle of parsimony says that we should minimize this dimension
(the trace of the matrix S) as much as possible. But in the general case, this dimension is more to derive, explicitely.

The estimator introduced by Nadaraya (1964) and Watson (1964), in the case of a simple non-parametric
regression, is also written in this form since:

n
my (x) = SxTy = Z Sx,i Vi with Sxi =

i=1

Kp(x —x;)
Kp(x —x)) + -+ Kp(x — x,)

where K (+) is a kernel function, which assigns a value that is lower the closer x; isto x, and h > 0 is the bandwidth.
The introduction of this meta parameter h is an important issue, as it should be chosen wisely. Using asymptotic
developments, we can show that if X has density f,

c f'(x)

2

bias[my, (x)] = E[m, (x)] — m(x) ~ h? <—1m”(x) + C,m’(x) m
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C3 0(x)
nh f(x)

for some constants that can be estimated (see Simonoff (1996) for a discussion). These two functions evolve
inversely with h, as shown in Figure C1-1 (where the metaparameter is actually A1), so a trade-off is necessary.
The natural idea is then to try to minimize the mean square error, the MSE, defined as, bias[y, (x)]* +
Var([m,, (x)], and them integrate over x, which gives an optimal value for h of the form h* = 0(n~'/5), and
reminds us of Silverman’s rule — see Silverman (1986). In larger dimensions, for continuous x variables, a
multivariate kernel with matrix bandwidth H can be used, and :

while Var[m,, (x)] ~

. G y m'(x)"HH"Vf (x)
E[fy (0)] ~ m&x) + ?trace(HTm (OH) + ¢, 109
N G a(x)
and Var[mH (X)] ~ mm

If H is a diagonal matrix, with the same term h on the diagonal, then h* = O(n~Y/*+dim&)Y)] However, in
practice, there will be more interest in the integrated version of the quadratic error,

MISE (iny) = E[MSE (iny, (X))] = | MSE (i, (x))dF (%),

and we can prove that :

bias? variance

MISE[i,] —(f x2k(x)dx)’ [ [m" (x) + 2m’ (x)]; ((x))]zd x+ < f k2(x)dx - [ f‘zx)

as n — oo and nh — co. Here we find an asymptotic relationship that again recalls Silverman’s (1986) order of
magnitude,

Ul

1 le f(x)

h* = n_g

CoJ [m"(x) + 2m’'(x) I (x)]dx

The main problem here, in practice, is that many of the terms in the expression above are unknown. Automatic
learning offers computational techniques, when the econometrician used to search for asymptotic (mathematical)
properties.

Figure C1-I
Optimal Meta-Parameter (or Goldilocks’ Problem): It Should Be neither Too Large (Too Much
Variance), nor Too Small (Too Much Bias)

mean large
square variance
\ error b e

variance

« optimal »
parameter

large S
bias N 7
bias? %
small large small large
meta-parameter meta-parameter
(bandwidth, degree, etc.) (bandwidth, degree, etc.)
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Exponential Family and Linear Models

The Gaussian linear model is a special case of a large family of linear models, obtained when the conditional
distribution of Y (given the covariates) belongs to the exponential family:

yi0; — b(6;)
a($)
Functions a, b and c are specified according to the type of exponential law (studied extensively in statistics since

Darmoix (1935), as Brown (1986) reminds us), and i is a one-to-one mapping that the user must specify. Log-
likelihood has then a simple expression:

FOi16: 63, ) = exp +cQ @) with 6, = YT )

- ayi0 =T b(6) | N
10g2(0,91) = [ [logsulen ) = ZX O EEDE0 LSy, g
i=1 i=1

and the first order condition is then written:
dlogL(8, ply)
ap

based on Miiller’s (2011) notations, where W is a weight matrix (which depends on ). Given the link between 6
and the expectation of Y, instead of specifying the function (-), we will tend to specify the link function g(-)
defined by:

=X"Wly~5] =0

y=m@) =E[Y|X =x]=g7'("B)

For the Gaussian linear regression, we consider an identity link, while for the Poisson regression, the natural link
(called canonical) is the logarithmic link. Here, as W depends on g (with W = diag(Vg(y)Var[y])) there is
generally no explicit formula for the maximum likelihood estimator. But an iterative algorithm makes it possible
to obtain a numerical approximation. By setting:

z=gM+ -9 V9@
corresponding to the error term of a Taylor development in order 1 of g, we obtain an algorithm of the form:

Brir = [XTW X1 XTW

By iterating, we will define B = Bm, and we can show that — with some additional technical assumptions (detailed
in Muller (2011)) — this estimator is asymptotically Gaussian, with:

VA - B) 5 N IB)™,
where numerically I1(8) = ¢ - [XTW71X].

From a numerical point of view, the computer will solve the first-order condition, and actually, the law of Y does
not really intervene. For example, one can estimate a “Poisson regression” even when y € R, not necessarily y €
N. In other words, the distribution of Y is only an interpretation here, and the algorithm could be introduced in a
different way (as we will see later on), without necessarily having an underlying probabilistic model.

Logistic Regression

Logistic regression is the generalized linear model obtained with a Bernoulli’s distribution, and a link function
which is the quantile function of a logistic law (which corresponds to the canonical link in the sense of the
exponential family). Considering the form of Bernoulli’s law, econometrics proposes a model for y; € {0,1}, in
which the logarithm of the odds follows a linear model:

log (IP[Y =1|X = x]

P[Y % 1)X = x]> =hot X8

or:
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eﬁ0+xTﬁ exp(.)

E[Y[X=x]=P[Y =1X=x] = 1+ ofoinTh = H(fo + x"B), where H(:) = 1+ exp()

is the cumulative distribution function of a logistic variable. The estimation of (5,, B) is performed by maximizing

the likelihood:
n eBotxlB 7 1 1-y;
=) (o)
L I\1 + ePorxi B 1+ ePotxi B

It is said to be a linear model because iso-probability curves here are the parallel hyperplanes b, + xT . Rather
than this model, popularized by Berkson (1944), some will prefer the probit model (see Berkson, 1951), introduced
by Bliss (1934). In this model:

E[Y|X =x] =P[Y =1|X =x] = &(By + x"B)

where @ denotes the distribution function of the reduced centered normal distribution. This model has the
advantage of having a direct link with the Gaussian linear model, since :

yi =107 >0 withy; = +x"f + &

where the residuals are Gaussian, V' (0, a2). An alternative is to have centered residuals of unit variance, and to
consider a latent modeling of the form y; = 1(y; > &) (where & will be fixed). As we can see, these techniques
are fundamentally linked to an underlying stochastic model. In the body of the article, we present several
alternative techniques — from the learning literature — for this classification problem (with two classes, here 0 and
1).

Regression in High Dimension

As we mentioned earlier, the first order condition XT(X,L? —vy) = 0 is solved numerically by performing a QR
decomposition, at a cost which consists in 0(np?) operations (where p is the rank of X7X). Numerically, this
calculation can be long (either because p is large or because - to a lesser extent - because n is large), and a simpler
strategy may be to sub-sample. Let ng < n, and consider a sub-sample size ng from {1,---,n}. Then [fs =

(X,TX) X"y, is a good approximation of 3 as shown by Dhillon et al. (2014). However, this algorithm is
dangerous if some points have a high leverage (i.e. L; = x; (XTX)™1x;T). Tropp (2011) proposes to transform the
data (in a linear way), but a more popular approach is to do non-uniform sub-sampling, with a probability related
to the influence of observations (defined by I; = &; L; /(1 — L;)?, and which unfortunately can only be calculated
once the model is estimated).

In general, we will talk about massive data when the data table of size does not fit in the RAM memory of the
computer. This situation is often encountered in statistical learning nowadays with very often p « n. This is why,
in practice, many libraries of algorithms assimilated to machine learning use iterative methods to solve the first-
order condition. When the parametric model to be calibrated is indeed convex and semi-differentiable, it is possible
to use, for example, the stochastic gradient descent method as suggested by Bottou (2010). This last one allows to
free oneself at each iteration from the calculation of the gradient on each observation of our learning base. Rather
than making an average descent at each iteration, we start by drawing (without replacement) an observation x;
among the n available. The model parameters are then corrected so that the prediction made from x; is as close as
possible to the true value y;. The method is then repeated until all the data have been reviewed. In this algorithm
there is therefore as much iteration as there are observations. Unlike the gradient descent algorithm (or Newton’s
method) at each iteration, only one gradient vector is calculated (and no longer n). However, it is sometimes
necessary to run this algorithm several times to increase the convergence of the model parameters. If the objective
is, for example, to minimize a loss function ¢ between the model mg (x) and y (like the quadratic loss function, as
in the Gaussian linear regression) the algorithm can be summarized as follows:
Step 0: Mix the data
Iteration step: For t > 0, we draw i € {1, ---, n} without replacement, and we set:

B+ = gt _y, 04 (yi, mpe (x;))
ap
This algorithm can be repeated several times as a whole depending on the user’s needs. The advantage of this
method is that at each iteration, it is not necessary to calculate the gradient on all observations (more sum). It is
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therefore suitable for large databases. This algorithm is based on a convergence in probability towards a
neighborhood of the optimum (and not the optimum itself).

Goodness of fit and model selection

In the Gaussian linear model, the determination coefficient — noted R? — is often used as a measure of fit quality.
It is based on the variance decomposition formula discussed previously:
n n n

1 _, 1 sz, 1N e =2
EONC A S N SRS AP Y ¢ 5)
i=1 i=1 i=1

total variance residual variance explained variance

The R? is defined as the ratio of explained variance and total variance, another interpretation of the coefficient that
we had introduced from the geometry of the least squares:

S~ Ty = 3
Y (yi —¥)?

RZ

The sums of the error squares in this writing can be rewritten as a log-likelihood. However, it should be
remembered that, up to one additive constant (obtained with a saturated model) in generalized linear models,
deviance is defined (up to an additive constant) by:

Deviance(f) = —2log[L]

which can also be denoted Deviance(¥). A null deviance can be defined as the one obtained without using the
explanatory variables x, so that §, = . Itis then possible to define, in a more general context (with a non-Gaussian

distribution for Y):

_ Deviance(y) — Deviance(y) _ Deviance(y)

RZ — = — p—
Deviance(y) Deviance(y)

However, this measure cannot be used to choose a model, if one wishes to have a relatively simple model in the
end, because it increases artificially with the addition of explanatory variables without significant effect. We will
then tend to prefer the adjusted R? :

_ n—1 -1
R=1-(1-R) - —p_a-r)l 2
n—p n—p

penalty

where p is the number of parameters of the model. Here, the quality of fit will be penalized overly too complex
models.

A similar idea will be found in the Akaike criterion, where AIC = Deviance + 2 - p or in (bayesian) Schwarz
criterion BIC = Deviance + log(n) - p. In large dimensions (typically p > v/n), we will tend to use a corrected
AIC defined as:

AICc = Devi +2-p—
c eviance p ——

These criterias are used in so-called “stepwise” methods. In the “forward” method, we start by regressing to the
constant, then we add one variable at a time, retaining the one that lowers the AIC criterion the most, until adding
a variable increases the AIC criterion of the model. In the “backward” method, we start by regressing on all
variables, then we remove one variable at a time, removing the one that lowers the AIC criterion the most, until
removing a variable increases the AIC criterion from the model.

Another justification for this notion of penalty (we will come back to this idea in machine learning) can be the
following. Let us consider an estimator in the class of linear predictors:

M = {m: m(x) = s,(x)Ty where S = (s(xl), ---,s(xn))T is a smoothing matrix}
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and assume that y = my(x) + ¢, with E[e] = 0 and Var[e] = 621, so that my(x) = E[Y|X = x]. From a
theoretical point of view, the quadratic risk, associated with an estimated model 7, E[(Y — 1 (X))?] is written:
R() = E[(Y = mo(X))?] + E[(mo(X) — E[th (X)D?] + E[(E[h (X)] — h (X))*]

error bias variance

if m, is the true model. The first term is sometimes called “Bayes error”, and does not depend on the estimator
selected .

The empirical quadratic risk, associated with a model m, is here:

) 1% 1
Ru(m) = = (v =m@))? =~y = m(x) I?

(by convention). We recognize here the mean square error, “mse”, which will more generally give the “risk” of
the model m when using another loss function (as we will discuss later on). It could be proved that:

n 1 1
E[Ry (m)] =~ Il mo(x) = m(x) I+ ~E(l y = mo(x) I?)
and :
n]E[:fen M =E(ly—m) 1) =l (I —S)mg I?+a? 1 T1—S |2

so that the (real) risk of m is:
2

R, () = E[R,, (7)] + 2 %trace(S).

So, if trace(S) = 0, (which is not a too strong assumption), the empirical risk underestimates the true risk of the
estimator. Actually, we recognize here the number of degrees of freedom of the model, the right-hand term
corresponding to Mallow’s C, introduced in Mallows (1973) using not the deviance but the R?).

Machine Learning Philosophy

In parallel with these tools developed by, and for economists, a whole literature has been developed on similar
issues, centered on the problems of prediction and forecasting. For Breiman (2001a), a first difference comes from
the fact that the statistic has developed around the principle of inference (or to explain the relationship linking y
to variables x) while another culture is primarily interested in prediction. In a discussion that follows the article,
David Cox states very clearly that in statistic (and econometrics) “predictive success [...] is not the primary basis
for model choice”. We will get back here on the roots of automatic learning techniques. The important point, as
we will see, is that the main concern of machine learning is related to the generalization properties of a model, i.e.
its performance — according to a criterion chosen a priori — on new data, and therefore on non-sample tests.

A Learning Machine

Nowadays, we speak of “machine learning” to describe a whole set of techniques, often computational, as
alternatives to the classical econometric approach. Before characterizing them as much as possible, it should be
noted that historically other names have been given. For example, Friedman (1997) proposes to make the link
between statistics (which closely resemble econometric techniques — hypothesis testing, ANOVA, linear
regression, logistics, GLM, etc.) and what was then called “data mining” (which then included decision trees,
methods from the closest neighbors, neural networks, etc.). The bridge between those two cultures corresponds to
“statistical learning” techniques described in Hastie et al. (2009). But one should keep in mind that machine
learning is a very large field of research.

The so-called “natural” learning (as opposed to machine learning) is that of children, who learn to speak, read and
play. Learning to speak means segmenting and categorizing sounds, and associating them with meanings. A child
also learns simultaneously the structure of his or her mother tongue, and acquires a set of words describing the
world around him or her. Several techniques are possible, ranging from rote learning, generalization, discovery,
more or less supervised or autonomous learning, etc. The idea in artificial intelligence is to take inspiration from
the functioning of the brain to learn, to allow “artificial” or “automatic” learning, by a machine. A first application
was to teach a machine to play a game (tic-tac-toe, chess, go, etc.). An essential step is to explain the objective it
must achieve to win. One historical approach has been to teach the machine the rules of the game. If it allows a
machine to play, it will not help the machine to play well. Assuming that the machine knows the rules of the game,
and that it has a choice between several dozen possible moves, which one should it choose? The classical approach
in artificial intelligence uses the so-called min-max algorithm using an evaluation function: in this algorithm, the
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machine searches forward in the possible moves tree, as far as the calculation resources allow (about ten moves in
chess, for example). Then, it calculates different criteria (which have been previously indicated to her) for all
positions (number of pieces taken, or lost, occupancy of the center, etc. in our example of the chess game), and
finally, the machine plays the move that allows it to maximize its gain. Another example may be the classification
and recognition of images or shapes. For example, the machine must identify a number in a handwritten
handwriting (checks, ZIP code on envelopes, etc.). It is a question of predicting the value of a variable y, knowing
that a priori y € {0,1,2,---,8,9}. A classical strategy is to provide the machine with learning samples, in other
words here millions of labelled (identified) images of handwritten numbers. A simple (and natural) strategy is to
use a decision criterion based on the closest neighbors whose labels are known (using a predefined metric).

The method of the closest neighbors (“k-nearest neighbors ) can be described as follows: we consider (as in the
previous part) a set of n observations, i. e. pairs (y;, x;) with x; € RP. Let us consider a distance 4 on RP (the
Euclidean distance or the Mahalanobis distance, for example). Given a new observation x € RP the Euclidean
distance or the Mahalanobis distance, for example). Given a new observation x; and x, in the sense that A(x;, x) <
A(x,,x) < -+ < A(xy,, x) then we can consider as prediction for y the average of the k nearest neighbors:

k

m) = W

i=1
Learning here works by induction, based on a sample (called the learning — or training — sample).

Automatic learning includes those algorithms that give computers the ability to learn without being explicitly
programmed (as Arthur Samuel defined it in 1959). The machine will then explore the data with a specific
objective (such as searching for the nearest neighbors in the example just described). Tom Mitchell proposed a
more precise definition in 1998: a computer program is said to learn from experience E in relation to a task T and
a performance measure P, if its performance on T, measured by P, improves with experience E. Task T can be a
defect score for example, and performance P can be the percentage of errors made. The system learns if the
percentage of predicted defects increases with experience.

As we can see, machine learning is basically a problem of optimizing a criterion based on data (from now on called
learning). Many textbooks on machine learning techniques propose algorithms, without ever mentioning any
probabilistic model. In Watt et al. (2016) for example, the word “probability” is mentioned only once, with this
footnote that will surprise and make smile any econometricians, “the logistic regression can also be interpreted
from a probabilistic perspective” (p. 86). But many recent books offer a review of machine learning approaches
using probabilistic theories, following the work of Vaillant and Vapnik. By proposing the paradigm of “probably
almost correct” learning (PAC), a probabilistic flavor has been added to the previously very computational
approach, by quantifying the error of the learning algorithm (usually in a classification problem).

The probabilistic formalism in the 1980°s

We have a training sample, with observations (x;,y;) where the variable y is in a set Y. In the case of
classification, Y = {—1, +1}, but a relatively general set can be considered®. A predictor m taking values in Y,
used to label (or classify) future new observations, using some features that lie in a set X. It is assumed that the
labels are produced by an (unknown) classifier f called target. For a statistician, this function would be the real
model. Naturally, we want to build m as close as possible to f. Let P be a (unknown) distribution on X. The error
of m with respect to target f is defined as Rp((m) = P[m(X) # f(X)], where X ~ P or equivalently,
Rpr(m) = P[{x € X:m(x) # f(x)}]. To obtain our “optimal” classifier, it becomes necessary to assume that
there is a link between the data in our sample and the pair (I, f), i.e. a data generation model. We will then assume
that the x; are obtained by independent draws according to P, and that then y; = f(x;).

We can define the empirical risk of a classifier m, ® (m) = % 1 (m(x) # y0)-
It is important to recognize that a perfect model cannot be found, in the sense that Rp s(m) = 0. Indeed, if we
consider the simplest case, with X'={x;, x,} such that P({x;}) = p and P({x,}) = 1 — p. The probability of never

observing {x,} among the n observations is (1 — p)", and if 1 < 1/n,, it is quite likely never to observe {x,} so
it can never be predicted. We cannot therefore hope to have a zero risk whatever IP. And more generally, it is also

3 Econometricians will always prefer {0,1}, because of connections with the Bernoulli distribution (and corresponds to lower
and upper bound of probabilities).
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possible to observe {x;} and {x,}, and despite everything, to make mistakes on the labels. Also, instead of looking
for a perfect model, we can try to have an “approximately correct” model. We will then try to find mmm such that
Rps(m) < €, where € is an a priori specified threshold. But even this condition is too strong, and cannot be
fulfilled. Thus, we will usually as to have Rp ;(m) < e with some probability 1 — &. Hence, we will try to be
“probably approximately correct” (PAC), allowing to make a mistake with a probability &8, again fixed a priori.

The interpretation is that since we cannot learn (in the PAC sense) about all the functions m we will then force m
to belong to a particular class, noted M. Let us suppose, to start with, that M contains a finite number of possible
models. We can then show that for all € and &, for all IP and f, if we have enough observations (more precisely
n = e 'log[6 1| M ], then with a greater probability than 1 — &, then Rp r(m*) < € where:

1

n
m* € argmin{—z 1(m(x;) # y)}
mem n =1

in other words m™ is a model in class M that minimizes empirical risk.

We can go a little further, staying in the case where Y = {—1,+1}. A M class of classifiers will be called PAC-
learnable if there is a function n,,: [0,1]% — N such that, for all €, &, P and if it is assumed that the target f also
belongs to class M, then using n > n,, (€, §) observations x; drawn from P, labelled y; by f, then there exists
m € M such that, with probability 1 — &, Rp ;(m) < €. Function n,, s then called “sample complexity to learn”.
In particular, we have seen that if M contains a finite number of classifiers, then M is PAC-learnable with
complexity na(€,8) = e tog[671|M|].

Naturally, we would like to have a more general result, especially if M is not finite. To do this, the VC dimension
of Vapnik-Chervonenkis must be used, which is based on the idea of shattering points (for a binary classification).
Consider k points {x,, -:- x;}, and the set &, = {(m(x,), -, m(xy)) for m € M)}. Observe that elements of &,
belong to {—1, +1}*. In other words, |£,| < 2¥. We will say that M shatter all the points if all the combinations
are possible, i. e. || = 2¥. Intuitively, the labels of the set of points do not provide enough information on target
f, because any situation is possible. The V'C dimension of M is then:

VC (M) = sup{k such that M shatters {x;, --- x;}}

For example, if X = R¥, and consider separations by hyperplanes passing through the origin (we will say
homogeneous), in the sense that* m, (x) = 1. (w"x = 0). It can be shown that no set of k + 1 points can be
shattered by these two homogeneous spaces in R¥, and therefore VC (M) = k. If we add a constant, in the sense
that m,, ,(x) = 1. (WwTx + b = 0), we can show that no set of k + 2 points can be sprayed by these two (non-
homogeneous) spaces in R¥, and therefore VC(M) = k + 1. In econometrics, k + 1 was the trace of the hat
matrix, or complexity (or dimension) of the model.

From this dimension VC, we deduce the so-called fundamental theorem of learning: if M is a class of dimension
d = VC (M), then there are positive constants € and € such as the sample complexity for M to be PAC-learnable
satistfies:

Ce™'(d +1og[6™1]) < nyr(€,8) < Ce *(dlog[e~1] + log[6~1])

The link between the notion of learning (as defined in Vailiant (1984)) and the VC dimension was clearly
established in Blumer et al. (1989).

Nevertheless, while the work of Vladimir Vapnik and Alexey Chervonenkis is considered to be the foundation of
statistical learning, Thomas Cover’s work in the 1960s and 1970s should also be mentioned, in particular Cover
(1965) on the capacities of linear models, and Cover & Hart (1967) on learning in the context of the algorithm of
the k-nearest neighbors. These studies have linked learning, information theory (with the textbook Cover &
Thomas (1991)), complexity and statistics. Other authors have subsequently brought the two communities closer
together, in terms of learning and statistics. For example, Halbert White proposed to see neural networks in a
statistical context in White (1989), going so far as to state that “learning procedures used to train artificial neural

4 Where the indicator 1, does not take values 0 or 1 (like the classical 1 indicator function), but —1 and +1 (“negative” and
“positive”, as in the decision testing framework).
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networks are inherently statistical techniques. It follows that statistical theory can provide considerable insight
into the properties, advantages, and disadvantages of different network learning methods ”. This turning point in
the late 1980s will anchor learning theory in a probabilistic context.

Objective and Loss Function

These choices (the objective and the loss function) are essential, and very dependent on the problem under
consideration. Let us begin by describing a historically important model, Rosenblatt’s (1958) “perceptron”,
introduced into classification problems, where y € {—1, 41}, inspired by McCulloch & Pitts (1943). We have
data {(y;, x;)}, and we will iteratively build a set of m,(-), models, where at each step, we will learn from the
errors of the previous model. In the perceptron, a linear model is considered so that :

nsdered;
m(x) =1:(Bo +x'f 2 0) = {j ifﬁi :Tg i 8

Here B coefficients are often interpreted as “weights” assigned to each of the explanatory variables. We give
ourselves initial weights (ﬁéo),ﬁ(o)), which we will update incorporating the prediction error made, between y;
and its prediction 7 :

~(k k

{0 =m®() = 1,87 +x"® = 0),

with, in the case of the perceptron:
k+ k N T
:BJ( 1) _ ﬁ]( ) ](y + y(k)) Xj

Here £(y,y") = 1(y # y') is a loss function, which will allow to give a price to an error made, by predicting y' =
m(x) and observing y. For a regression problem, we can consider a quadratic error £,, such that £(y, m(x)) =
(y — m(x))? or the absolute value #,, with £(y, m(x)) = |y — m(x)|. Here, for our classification problem, we
used a mis-qualification indicator (we could discuss the symmetry of this loss function, suggesting that a false
positive costs as much as a false negative). Once this loss function has been specified, we recognize in the problem
previously described a gradient descent, and we see that we are trying to solve:

m*(x) = a1;;lqe1;1/[in {; ¢ (y;, m(xl-))} (6)

for a predefined set of predictors M. Here, the machine learning problem is mathematically formulated as an
optimization problem, whose solution determines a set of model parameters (if the M family is described by a set
of parameters — which can be coordinates in a functional database). We can note M, the space of the hyperplanes
of RP in the sense that:

m € M, means m(x) = B, + B7x for some g € R?

generating the class of linear predictors. We will then have the estimator that minimizes the empirical risk. Some
of the recent work in statistical learning aims to study the properties of the estimator ", known as “oracle”, in a
family of M:
m" = argmin{R(h,m)}.
neMm

me
This estimator is, of course, impossible to obtain because it depends on m the real model, obviously unknown.

But let’s come back a little bit more to these loss functions. A loss function £ is a symmetric function R¢ x R% —
R,, that satisfies the triangular inequality, and such that £(x, y) = 0 if and only if x = y. The associated norm ||-||
satisfies €(x,y) =l x —y ll= €(x — y,0) (using the fact that £(x,y + z) = #(x — y,z) - we will review this
fundamental property later).

For a quadratic loss function, it should be noted that we can have a particular interpretation of this problem, since:
n

n
1
Yy = argmin Z—[yi —m]?} = argmin Z#z (yi, m)y,
meR n meR =1

i=1
where ¢, is the usual quadratic distance If we assume — as we did in econometrics — that there is an underlying
probabilistic model, and observe that:
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E(Y) = argmin{||Y — m||§2} = argmin{E([Y — m]?)} = argmin{E[£,(Y,m)]}
meR meR meR

it should be noted that what we are trying to obtain here, by solving the problem (6) by taking the £, norm, is an
approximation (in a given functional space, M) of the conditional expectation x + E[Y|X = x]. Another
particularly interesting loss function is the loss 4;, £, (y,m) = |y — m]|. It should be recalled that:

n

median(y) = argmin {Z 4, (yl-,m)].
i=1

meR
The optimization problem:

n
' = argmind ) |y = m(x)|
MEMy =
is obtained in econometrics by assuming that the conditional law of Y follows a (shifted) Laplace law centered on
m(x), and by maximizing the likelihood (log) (the sum of the absolute values of the errors corresponds to the log-

reasonableness of a Laplace law). It should also be noted that if the conditional law of Y is symmetrical with
respect to 0, the median and the mean coincide if this loss function is rewritten:

Hym) =y —m)(1/2 = 1y,
a generalization can be obtained for 7 € (0,1):

i = argmin {Z 7 (}/ivm(xi))] with £7(x,y) = (x = ¥)(T = 1ysy)

MEMy =

is then the quantile regression of level T (Koenker, 2003 ; Haultefceuille & Givord, 2014). Another loss function,
introduced by Aigner et al. (1977) and analyzed in Waltrup et al. (2014), is the function associated with the notion
of expectations:

(0 Y) = (x =) T = Legy

with T € [0,1]. We see the parallel with the quantile function:
20 y) =l =yl |t = Leg |

Koenker & Machado (1999) and Yu & Moyeed (2001) also noted a link between this condition and the search for
maximum likelihood when Y’s conditional law follows an asymmetric Laplace law. In connection with this
approach, Gneiting (2011) introduced the notion of “ellicitable statistics” — or “ellicitable measurement” in its
probabilistic (or distributional) version: a statistic T will be said to be “ellicitable” if there is a loss function £: R X
R — R, such that:

T(Y) = argmin {J € (x, y)dF(y)} = argmin {IE[{’(x, Y)]ouY L F}
x€R R

x€ER

The mean (mathematical expectation) is thus ellicitable by the quadratic distance, £,, while the median is
ellicitable by the distance #,. According to Gneiting (2011), this property is essential for obtain predictions and
forecasts. There may then be a strong link between measures associated with probabilistic models and loss
functions. Finally, Bayesian statistics provide a direct link between the form of the a priori law and the loss
function, as studied by Berger (1985) and Bernardo & Smith (2000). We will come back to the use of these
different norms in the section on penalization.

Boosting and Sequential Learning

As we have seen before, modelling here is based on solving an optimization problem, and solving the problem
described by equation (6) is all the more complex because the functional space M is large. The idea of boosting,
as introduced by Shapire & Freund (2012), is to learn, slowly, from the errors of the model, in an iterative way. In
the first step, we estimate a model m, for y, from X, which will give an error €;. In the second step, we estimate a
model m, for g;, from X, which will give an error &,, etc. We will then retain as a model, after k iterations:
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m® () =my () +ma() +mg() + -+ me() = mETV) +my () (7)
~y

~€1 ~&2 ~€g—1

Here, the error ¢ is seen as the difference between y and the model m(x), but it can also be seen as the gradient
associated with the quadratic loss function. Formally, € can be seen as V£ in a more general context (here we find
an interpretation that reminds us of residuals in generalized linear models).

Equation (7) can be seen as a descent of the gradient, but written in a dual way. The problem will then be rewritten
as an optimization problem:

€ (i = mE D), hx) (8)

heH

n
m®) = mk-D 4 argmin{

i=1
where the trick is to consider a relatively simple space H (we will speak of “weak learner”). Classically, functions
in set H are step-functions (which will be found in classification and regression trees) called “stumps”. To ensure
that learning is indeed slow, it is not uncommon to use a shrinkage parameter, and instead of setting, for example,
& =y —my(x), we will set &, = y — a - my(x) with a € [0,1]. It should be noted that it is because a non-linear
space is used for H and learning is slow, that this algorithm works well. In the case of the Gaussian linear model,
remember that the residuals & = y — X j3 are orthogonal to the explanatory variables, X, and it is then impossible
to learn from our errors. The main difficulty is to stop in time, because after too many iterations, it is no longer the
m function that is approximated, but the noise. This problem is called over-fitting.

This presentation has the advantage of having a heuristic reminiscent of an econometric model, by iteratively
modelling the residuals by a (very) simple model. But this is often not the presentation used in the learning
literature, which places more emphasis on an optimization algorithm heuristic (and gradient approximation). The
function is learned iteratively, starting from a constant value,

n
m© = argmin {z £ (y;, m)}
meR =

then we consider the following learning procedure:
n

m® = mED 4 argminz 4 (yi,m(k'l)(xi) + h(xl-)), 9
hex

i=1
which can be written, if 7€ is a set of differentiable functions:

n
) — e _ Z 7,0 € (v mE D), (10)
i=1
where :

n
Vi = argmin Y2 (v, mED00) = YW 80 mED(6))).
Y=
To better understand the relationship with the approach described above, at step k, pseudo-residuals are defined
by setting
_ 0y m(xy)

Tike =
om(x) | emD )
A simple model is then sought to explain these pseudo-residuals according to the explanatory variables x;, i.e.
rix = h*(x;), where h* € #. In a second step, we look for an optimal multiplier by solving:

wherei=1,---,n.

n
Yi = argmin {Z £ (v, m* V() + yh* (x))
yeR =

then update the model by setting m; (x) = m;_,(x) + y,h*(x). More formally, we move from equation (8) —
which clearly shows that we are building a model on residuals — to equation (9) — which will then be translated as
agradient calculation problem — noting that £(y, m + h) = £(y — m, h). Classically, class £ of functions consists
in regression trees. It is also possible to use a form of penalty by setting m (x) = my_,(x) + vy, h*(x), withv €
(0,1). But let’s go back a little further — in our next post — on the importance of penalization before discussing the
numerical aspects of optimization.

Penalization and Variable Selection
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One important concept in econometrics is Ockham’s razor — also known as the law of parsimony (lex parsimoniae)
— which can be related to abductive reasoning. Akaike’s criterion was based on a penalty of likelihood taking into
account the complexity of the model (the number of explanatory variables retained). If in econometrics, it is
customary to maximize the likelihood (to build an asymptotically unbiased estimator), and to judge the quality of
the ex-post model by penalizing the likelihood, the strategy here will be to penalize ex-ante in the objective
function, even if it means building a biased estimator. Typically, we will build:

n
(Bos.B,) = argmin {Z € (i, Bo + x"B) + A penalty (B, (11)
i=1
where the penalty function will often be a standard || - || chosen a priori, and a penalty parameter A (we find in a
way the distinction between AIC and BIC if the penalty function is the complexity of the model — the number of
explanatory variables retained). In the case of the £, standard, we find the ridge estimator, and for the £, standard,
we find the lasso estimator (« Least Absolute Shrinkage and Selection Operator »)°. The penalty previously used
involved the number of degrees of freedom of the model, so it may seem surprising to use ||3]|,, as in the ridge
regression. However, we can envisage a Bayesian vision of this penalty. It should be recalled that in a Bayesian
model:

P[6|y] < P[y|6] ]I\”_[i] or logP[8|y] x logP[y|6] +logIP\’_[0;]
posterior likelihood prior log—likelihood penalty

In a Gaussian linear model, if we assume that the a priori law of 6 follows a centred Gaussian distribution, we find
a penalty based on a quadratic form of the components of 6.

Before going back in detail to these two estimators, obtained using the £, 0r £, norms, let us return for a moment
to a very similar problem: the best choice of explanatory variables. Classically (and this will be even more true in
large dimension), we can have a large number of explanatory variables, p, but most are just noise, in the sense that
B; = 0 for a large number of j’s. This perperty is called « sparsity ». Let s be the number of (really) relevant
covariates, s = #§ with § = {j = 1,---,p; B; # 0}. If X5 denotes the matrix composed of the relevant variables
(in columns), then we assume that the real model is of the form y = x;7 85 + €. ntuitively, an interesting estimator
would then be [?5 = [xsTXs]~*Xsy, but this estimator is only theoretical because the set S is unknown, here. This
estimator can actually be seen as the oracle estimator mentioned above. One may then be tempted to solve:

n

(BO‘S,BS) = argmin {Z £ (i, Bo + xTﬁ)}, subjectto #§ = s
i=1

This problem was introduced by Foster & George (1994) using the £, notation. More precisely, let us define here

the following three norms, where:

d d d 1/2
lalle, = ) 1 # 0), llalle, = ) lail and fall,, = (Z a?) fora € RY.
i=1 i=1 i=1
Table C1-I
Constrained Optimization and Regularization
Contrained optimization Penalty
Best n n
subgroup argmin{ (i, Bo +x"B) argmin Z i, Bo+xTB) + AlBlley(  |(£0)
BillBllegss (<= [ G
Lasso n n
argmin{ (i, Bo +x"B) argmin Z L Bo+xTB) + ABle,;  |(£1)
BillBlle,ss (<= [ G
Ridge n n
argmin{ (i, Bo +x"B) argmin Z L Bo+xTB) + ABlle, g ((£2)
BillBlle,ss (< pa L

Let us consider the optimization problems in Table C1-1. If we consider the classical problem where the quadratic
norm is used for ¢, the two problems of the equation (£1) of Tableau C1-1 are equivalent, in the sense that, for any
solution(B*, s) to the left problem, there is A* such that (5*, 1*) is the solution of the right problem; and vice versa.

5 Term « lasso » can be seen as a reference to Breiman (1995), which suggested to use a “garrote” for variable selection.
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The result is also true for problems (£2)°. These are indeed convex problems. On the other hand, the two problems
(#0) are not equivalent: if for (8*, A*) solution of the right problem, there is a s* such that 8* is solution of the left
problem, the reverse is not true. More generally, if one wants to use a £, norm, sparsity is obtained if p <1
whereas you need p > 1 to have the convexity of the optimization program.

One may be tempted to resolve the penalized program (£0) directly, as suggested by Foster & George (1994).
Numerically, it is a complex combinatorial problem in large dimension (Natarajan, 1995, notes that it is a NP-
difficult problem), but it is possible to show that if 1 ~ 2log(p), then:

E([x" B — x"Bo]?) < E(xs" B — x"Bo]?) - (4logp + 2 + 0(1)).

=02#S

Observe that in this case
o (0ifj €S,
TR it e sy
where S, refers to all non-zero coordinates when solving (£0).

Problem (£2) s strictly convex if £ is the quadratic norm, in other words, the Ridge estimator is always well defined,
with in addition an explicit form for the estimator:

~ridge

BT = (XTX + ADTIXTy = (XTX + AT B

Therefore, it can be deduced that:

~ridge

bias[f, age

1= —AIXTX + 117t 3°° and Var[B} "] = o2[XTX + AT XTX[XTX + AT},

With a matrix of orthonormal explanatory variables (i.e. XTX =1I), the expressions can be simplified, and a
shrinkage can clearly be observed:

) ~ridge A ~ ols aridge 0'2
blaS[ﬁ)L ] = 1—H and VZ:II'[ﬁ)L ] = mn

Observe further that Var[ﬁ?dye] < Var[ °]. And because:
Iéridge _ ko? n A2 BTB
mselfy 1= @i Tavae

we obtain an optimal value ford: 1* = ka2 /B878.

On the other hand, if £ is no longer the quadratic norm but the £; norm, the problem (£1) is not always strictly
convex, and in particular, the optimum is not always unique (for example if X”X is singular). But if £ is strictly

convex, then predictions XB will be unique. It should also be noted that two solutions are necessarily consistent
in terms of sign of coefficients: it is not possible to have ,[?j < 0 for one solution and B}. > 0 for another. From a

heuristic point of view, the program (£1) is interesting because it allows to obtain in many cases a corner solution,
which corresponds to a problem resolution of type (£0) — as shown visually on Figure C1-II.

Tibshirani & Wasserman (2016) goes back at length on the geometry of the solutions) but as Candés & Plan (2009)
notes, under minimal assumptions guaranteeing that the predictors are not strongly correlated, the Lasso obtains a
quadratic error almost as good as if we had an oracle providing perfect information on the set of ;s that are not
zero. With some additional technical hypotheses, it can be shown that this estimator is “sparsistant” in the sense

Al . . . . .
that the support of /)’;SSO is that of 8, in other words Lasso has made it possible to select variables (more
discussions on this point can be obtained in Hastie et al., 2016).

More generally, it can be shown that ﬁfsso is a biased estimator, but may be of sufficiently low variance that the
mean square error is lower than the one we had using least squares.

6 For (£1), if there is a theoretical equivalence, numerical issues could be experience because of non-unicity of solutions.
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Figure C1-11
Penalty Based on Norms £, £1 and £, (of B) Respectively (from Hastie et al., 2016)

<P

In-Sample, Out-of-Sample and Cross-Validation

These techniques seem intellectually interesting, but we have not yet discussed the choice of the penalty parameter
A. But this problem is actually more general, because comparing two parameters Gal and Glz is actually comparing

two models. In particular, if we use a Lasso method, with different thresholds A we compare models that do not
have the same dimension. Previously, we have addressed the problem of model comparison from an econometric
perspective (by penalizing overly complex models). In the learning literature, judging the quality of a model on
the data used to construct it does not make it possible to know how the model will behave on new data. This is the
so-called “generalization” problem. The traditional approach then consists in separating the sample (size n) into
two parts: a part that will be used to train the model (the training database, in-sample, size m) and a part that will
be used to test the model (the testing database, out-of-sample, size n — m). The latter then makes it possible to
measure a real predictive risk. Suppose that the data are generated by a linear model y; = x;7 8, + &; where ¢; are
independent and centered law achievements. The empirical quadratic risk in-sample is here:

m

1 N N
Ez E([x;" 8 —x"Bo]?) = E([x;" B — x;"Bo]?)

for any observation i. Assuming that residuals & have a Gaussian distribution, then we can show that this risk is
worth a2trace(I1y) /m is a?p/m. On the other hand, the empirical out-of-sample quadratic risk is here:

E([x" B —x" o)
where x is a new observation, independent of the others. It can be obtained that:
E([xT B — xTBo]?|x) = o2xT(XTX) x
and by integrating with respect to x:
E([x" B —x"o]*) = E(E([x" B — x"Bo]*1%)) = o’ trace (E[xx"[E[(X"X)™])

The expression is then different from that obtained in-sample, and using the Groves & Rothenberg (1969) increase,
we can show that:

E(L7 B = 27Bo]?) 2 0L,

which is pretty intuitive, when we start thinking about it. Except in some simple cases, there is no simple (explicit)
formula. Note, however, that if X ~ (0, ¢21), then x” x follows a Wishart law, and it can be shown that

TR _ 4T 2\ — 2 p
E((x" B —xTBol") = 0® -

If we now look at the empirical version: if 3 is estimated on the first m observations,
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m n
R® = [y —x" pPand R” = Y [yi—x" B
i=1 i=m+1
and as Leeb (2008) noted, jels - feos ~ 2 - v where v represents the number of degrees of freedom, which is not
unlike the penalty used in the Akaike test.

. . . ~ IS A . .
Figure C1-1V shows the respective evolution of 2" and 2% according to the complexity of the model (number
of degrees in a polynomial regression, number of nodes in splines, etc). The more complex the model, the more

JA%IS will decrease (this is the red botted curve, below). But that’s not what we’re interested in here: we want a
model that predicts well on new data (i. e. out-of-sample). As Figure C1-111 shows, if the model is too simple, it
does not predict well (as it does with in-sample data). But what we can see is that if the model is too complex, we
are in a situation of “overlearning”: the model will start to model the noise.

Figure C1-111
Generalization, Under- and Over-Fitting

over
validation fitting
\ error

« optimal »
parameter

under S~Z
==~~~ training fitting T
error
small large small large
model complexity model complexity

Instead of splitting the database in two, with some of the data that will be used to calibrate the model and some to
study its performance, it is also possible to use cross-validation. To present the general idea, we can go back to the
“jackknife”, introduced by Quenouille (1949) (and formalized by Quenouille (1956) and Tukey (1958)) relatively
used in statistics to reduce bias. Indeed, if we assume that {y;,---,y,} is a sample drawn according to a law Fg,
and that we have an estimator T,,(y) = T,,(¥1, -, Jn), , but that this estimator is biased, with E[T,(Y)] =6 +
0(n™1), itis possible to reduce the bias by considering:

n

N 1
Ty(y) = Ez Ty (yy) where yiy = (Y1, Yien, Yier = Yn)-

=1

It can then be shown that E[T,, (Y)] = 8 + 0(n™2). The idea of cross-validation is based on the idea of building
an estimator by removing an observation. Since we want to build a predictive model, we will compare the forecast
obtained with the estimated model, and the missing observation:

n

~cv 1 R
R = ;Z ¢ (Yi,m(z) (x:))
i=1
We will speak here of the “leave-one-out” (loocv) method.

This technique reminds us of the traditional method used to find the optimal parameter in exponential smoothing
methods for time series. In simple smoothing, we will construct a forecast from a time series as tj/tﬂ =a-

_1)7t + (1 —a) - y;, where a € [0,1], and we will consider as “optimal”:

T
a* = argmin {Z 4 (t_l)A’t , yt)},
a€l0,1] =
as described in Hyndman et al. (2009).

t
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The main problem with the leave-one-out method is that it requires calibration of n models, which can be
problematic in large dimensions. An alternative method is cross validation over k-blocks (called « k-fold cross
validation ») which consists in using a partition of {1,---,n} in k groups (or blocks) of the same size, 7, -+, Iy,
and let us note J5 = {1,---,n}\ J;. By noting 72}y built on the sample T3, we then set:

~k-cv 1 - k R
R = EZR] where R] = ;Z £ (yl,m(]) (Xi))'

j=1 iEjj
Standard cross-validation, where only one observation is removed each time (“leave-one-out™), is a special case,
with k = n. Using k = 10 has a double advantage over k = n : (1) the number of estimates to be made is much
smaller, 10 rather than n ; (2) the samples used for estimation are less similar and therefore less correlated to each
other, which tends to avoid excess variance, as recalled by James et al. (2013).

Another alternative is to use boosted samples. Let 7, be a sample of size n obtained by drawing with replacement
in {1,---,n} to know which observations(y;, x;) will be kept in the learning population (at each draw). Note 73 =
{1,---,n} \ Jp. If hy,y is built on sample 7, we then set:

~ B 1 2 TLE R
R = Ez R, where R, = —z ? (i, My (%),
b=1 n iE]E

where ny is the number of observations that have not been kept in 7,,. It should be noted that with this technique,
on average e~! ~ 36.7% of the observations do not appear in the boosted sample, and we find an order of
magnitude of the proportions used when creating a calibration sample, and a test sample. In fact, as Stone (1977)
had shown, the minimization of AIC is to be compared to the cross-validation criterion, and Shao (1997) showed
that the minimization of BIC corresponds to k-fold cross-validation, with k = n/logn.
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