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Méléze : une modélisation DSGE de la France
au sein de la zone euro

Résumé

Méleze (Modele économique linéarisé d'équilibre en zone euro) est un modele néo-
Keynésien de type DSGE avec les caractéristiques suivantes : la France et le reste de la
zone euro forment une union monétaire ; une fraction des ménages est non-ricardienne et
consomme son revenu courant ; les entreprises sont en concurrence monopolistique sur le
marché des biens, et les travailleurs le sont sur le marché du travail ; les prix et salaires sont
rigides ; les biens de consommation et d’investissement sont exportés/importés librement,
tandis que le travail et le capital sont immobiles.

Cet article détaille la résolution et la calibration du modéle ainsi que sa linéarisation. En
particulier, nous définissons I'état stationnaire du modéle en niveau et nous explicitons
I'ensemble des contraintes de long-terme pesant sur la calibration du modéle. Dans un
deuxieme temps, nous présentons le comportement du modéle en réponse a divers chocs
transitoires.

Mots-clés : modeéle DSGE, union monétaire

MELEZE: A DSGE model for France
within the Euro Area

Abstract

MELEZE, standing for Modéle économique linéarisé d’'équilibre en zone euro (linearised
economic model of equilibrium in the euro area), is a new Keynesian DSGE model with the
following characteristics: France and the rest of the Euro area form a monetary union; they
are populated by infinitely lived households, of which a constant fraction is non Ricardian,
consuming all of their current income; firms operate in monopolistic competition on the goods
market, and so do workers on the labour market indistinctly of their financial constraints;
prices and wages are sticky; consumption and investment goods can be freely
exported/imported, whereas workers and installed capital cannot.

The present paper presents the resolution and the calibration of the model as well as its full
linearisation. In particular, we characterize the unique steady state in levels for the real
variables and explicit the induced constraints on the parametrisation. In a second part, we
present the behaviour of our model with respect to standard transitory shocks.

Keywords: DSGE model, monetary union

Classification JEL : E10, F45
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1 Introduction

Economic policy analysis at the Insee is traditionally focused on the use of large-scale macroeconometric
models namely Mésange (Klein and Simon, 2010). The Mésange model constructed on a highly detailed
macroeconomic accounting framework in line with Quarterly National Accounts, features around 500
equations, 10% being behavioural econometric relationships. Its core long term economic structure is
neo-classical, whereas the model includes real and nominal rigidities in the short run. One main ad-
vantage of this model is its ability to replicate past observed data and to give precise and quantitative

insights for economic policy evaluations, mainly focused on fiscal evaluations.

However, Lucas’ critique (Lucas, 1976) states that the absence of a strong short-run economic struc-
ture and the absence of rational expectations might be weaknesses of such models. As such, economic
modelling has focused on alternatives and developed a new modelling stream, namely the DSGE lit-
erature. Contrary to macroeconometric models, these models focus less on giving an exact description
of observed economic data than on a strong theoretical and micro-founded structure answering Lucas’
critique. As such, they appear as an interesting parallel to macroeconometric models, as evidenced by

their large adoption today within the main national and international institutions.

This paper introduces MELEZE!, a fiscal-policy oriented new-Keynesian Dynamic Stochastic Gen-
eral Equilibrium (DSGE) model developed at the Insee. MELEZE is two-country monetary union model

aimed at representing the situation of France within the Euro area.

Compared to the Mésange model, the present model allows to focus more specifically on questions
related to rational expectations and anticipations of shocks, macroeconomic spillovers in a monetary
union, and endogenous behaviours of the government. In particular, MELEZE offers two alternative
choice of modelling for the government behaviour. A first option is the implementation of a traditional
budget rules linking today’s public consumption to past deficits (as found in the institutional DSGE
literature). As an alternative, we also develop and propose a new approach, modelling the government
as an optimizing agent maximizing households’” welfare. This second modelling directly relates to the

Ramsey policy under bounded rationality.

More generally, MELEZE's structure compares with most standard tools developed in international
institutions and central banks, yet remains simple enough to be able to disentangle most economic re-
actions. Indeed, the construction of the model was conducted along three objectives. First, it needs to
be refined enough to give insightful supplementary policy analyses using a DSGE model rather than a

macroeconometric model, in particular with respect to fiscal behaviours. Second, it should compare to
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standard institutional models used at central banks and international organizations and help to bridge
the gap between Mésange and such large-scale DSGE models. Last, it should remain relatively small
compared to large institutional DSGE models to both allow for a better understanding of underlying

mechanisms and for an easier transmission of the model internally.

Along those lines, MELEZE therefore includes all traditional ingredients found in the institutional
DSGE literrature, and is largely inspired by (Smets and Wouters, 2002, 2003, 2005) or (Christiano, Eichen-
baum, and Evans, 2005).

All in all, these modelling choices allow to perform in MELEZE, all standard macroeconomic policy
evaluation exercises such as the study of permanent fiscal reforms (Campagne and Poissonnier, 2016a),

or the simulation of labour and goods markets deregulations (Campagne and Poissonnier, 2016b).

This paper is organised as follows. In Section 2, we present the model and derive the first order
conditions for all economic agents. Section 3 describes the methodology and the data used for the cali-
bration of MELEZE as a monetary union model describing the situation of France within the Eurozone.
Lastly, in order to give a few insights on the behaviour of our model, we present the short term re-

sponses through the study of impulse responses to a set of standard policy shocks (Section 4).

The Appendix gives a full description of the steady state and linearised model, as well as addi-
tional remarks on the design of monetary policy in a currency union, on the impact of wage and price

dispersion in the model and on the uniqueness and stability of the steady state.

2 Model

Non-technical outline In this paper, we develop a DSGE model comparing with standard tools devel-
oped in international institutions and central banks (Christiano et al., 2005; Smets and Wouters, 2003).
The model consists of two countries where continuums of firms and households interact on the goods,

labour and capital market. Both firms and households are considered immobile across countries.

As advocated by Mankiw (2000), we distinguish between two types of households. A fraction of
these households is Ricardian, that is not financially constrained. They hold financial asset (or debt),
own capital which they lend to firms in their country (once installed capital is assumed to become
immobile) and also own financial intermediation firms. Therefore, they receive (or pay) interests and
dividends. These Ricardian households also choose their investment each period by arbitrating between
capital and the risk free asset. Non Ricardian households on the contrary are financially constrained and



do not hold any asset.

Both types of households also provide labour on monopolistically competitive market. For this rea-
son, households are paid with a mark-up over their marginal disutility. Wage rigidities are added over
the cycle, and each household can only reset its wage in adequateness with his optimal consumption-
leisure arbitrage with an exogenous probability. In this framework, there is no involuntary unemploy-

ment and labour adjusts only at the intensive margin (hours worked).

Households finally consume both domestic and imported goods which are partial substitutes. For
Ricardian households, being non financially constrained allows them to smooth their consumption over
time. Non Ricardian households on the contrary can not. Once their wage level is set, their labour sup-

ply is given by firms demand, their income ensues which they consume entirely within the same quarter.

Firms produce partially substitutable goods from a standard constant returns to scale production
function. Production factors are labour and capital. Total factor productivity is exogenous and growing
at the same pace across countries. At each period firms optimize their relative demand in capital and
labour to minimize their production cost, taking the aggregate wage and gross return on capital as
given. Partial substitutability allows firm to price a mark-up over their marginal cost. Over the cycle,
with an exogenous probability each firm can reset its price to maximize its expected discounted profits,

while internalising its market power. Those price rigidities lead to a New Keynesian Phillips curve.

The modelling of governments” behaviour departs from the fiscal and budget rules literature used
in quantitative models to endogenize tax rates and public spending in order to ensure the government’s
budget constraint. We consider here forward-looking optimizing governments. We introduce unproduc-
tive public consumption as a proxy for actual public spendings, public investment, public employment
and production of public services altogether. This consumption enters households utility function to-
gether with private consumption. Governments maximize the intertemporal households utility under
the public budget constraint which is an approximation for the exact Ramsey problem. Alternatively, we
also allow the government to behave according to a standard budget rule linking public consumption
with past deficit and output gap. Furthermore, governments collect taxes on wages, capital income, div-
idends, consumption and investment. They can distribute transfers to both types of households. They
also hold debt both at the steady state and over the cycle.

In addition to production of real goods by the firms, a union wide financial market produces finan-
cial intermediation services both for households and governments. Financial intermediaries capture on
top of the interest rate set by the central banker a fee under the form of a debt elastic spread which is
akin to fisim. There are no risk or agency issues in our model so that this fee is not to be interpreted as



a risk premium of any kind. In practice, these financial intermediaries ensure the closing of the model
as exposed in Schmitt-Grohé and Uribe (2003) and have a very small production compared to firms of

the real sector.

Notations As much as possible, we keep standard notations throughout this paper (C for consump-
tion, W for wage...). A superscript i € {1,2} whether on an aggregate or on a parameter refers to the
country. Subscripts are used to specify an operation related to the variable (e.g. habit on consumption or
labour), in particular C]’: refers to consumption in country i of goods produced in country j. Upper-case
letters refer to aggregates while lower-case letters refer per GDP unit aggregates or sometimes when we
want to emphasize individual variables (wage, labour and output per firm or capita). Throughout, 7 is
the index for a generic household and ¢ the index for a generic firm. R and NR superscripts relate to

Ricardian and non Ricardian households respectively. ¢ refers to time.

A full dictionary of variables and parameters is given in Tables 3 and 4 in the Appendix.

2.1 Goods and labour aggregations
2.1.1 Aggregation of production within countries

We assume that a continuum of goods of size IP is produced in the monetary union. Goods in [ 0, pIP ]
are produced in country 1, while goods in | pIP , IP ] are produced in country 2. For formula generaliza-

tion, we shall denote p' = p and p> =1 — p.

In each country, domestic production is aggregated into a domestic good using a Dixit-Stiglitz aggre-
gator (Dixit and Stiglitz, 1977) with an elasticity of substitution specific to each country. This modelling
hypothesis is interpretable either as the technology of a perfectly competitive final good sector with sole
inputs intermediate consumption of the continuum of firms or as the relative preferences for each type
of goods of the final consumer. These hypotheses yield the following relationship between the demand
for goods produced by firm ' (e, i) and the total demand for production of country i (Y});_ (12}

o1 6!
pP 1_ T_ 1 plP 1_ T—
vi—z (o [ ke )T = e ([T e ) @)
0 0

i 2

1 P 021 021 1 P 621 2.1
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where 6 is the elasticity of substitution between goods in country i and Z; a constant of normalisation.”

Maximising consumption under the budget constraint or alternatively, minimising the price for a

bundle unit yields the corresponding production prices:

1
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The resulting relationships between aggregated and retail prices and quantities read:
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2.1.2 Labour aggregation

The aggregation of labour in both countries is symmetric to that of goods (Dixit-Stiglitz). The population
size is set to IN and a share # of households, that is households in [0,nIN], live in country 1. Households
in [nIN,IN] live in country 2. For formula generalization, we shall denote n' = nand n? = 1 — n. Labour

is hereafter assumed to be immobile across countries.

Household 7 supplies labour /(t, t) and demands the wage w'(, t) so that the total supply of labour
and average wage in country i are (Li)i:{l,z} and (Wti)i:{l,Z}'

0l
- nIN 630;1 oL —1
Lt = (nN) % /0 IH(r) % dt , 2.7)

0%

2 _
12 = ((1—n)N)T% (/N zz(T)g%’%uldT> o (2.8)
B JnIN f ’ .

where 0, is the elasticity of substitution between labour types in country i.

2We take Z; = pP and Z, = (1 — p)PP to simplify the algebra. With this normalisation, if prices P!(e) are all equal within
country 1, then the aggregate price index is equal to the individual price P} = P}(¢). In addition, each firm produces an equal
share of total output y} (¢) = p%PYtl.



The corresponding wages are:
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The resulting relationships between aggregated and individual wage and labour supply read:

1 1 (wf(7) N 1
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2.1.3 Aggregation of domestic and imported private consumption

In both countries, households have access to goods produced by each country; domestic and foreign
goods are partial substitutes. We derive the case for consumption, we assume that investment and
consumption goods are identical so that the same results apply to investment as well. Aggregation of
imported and domestic production along with the associated consumption price index are modelled as
follows

P Y
i i ) .
Ci,t Cj,t . i ol

Ci = cpri = pi' " pl* (213, 2.14)

(1 — ai)1—ogi®

where C! is the private consumption of country i and C;: ; is the private consumption in country i of
the aggregated goods produced in country j. a' is the import share of country i and therefore a measure

of trade openness.

Note that we have the following relationships:

Cip = Cly+C, (2.15)
Ci #Ci,+Cy, but CPICi=P}C},+PAC}, (2.16)

The aggregation of domestic and imported consumption in both countries yields the following rela-
tionships:

1 1

Pl 1—a P2 o
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The repartition of consumptions between locally-produced goods and foreign ones depends on the

degrees of openness (conveyed by import shares a’). Imported and domestic consumption in country
2

1 respond to the terms of trade defined as T; = P—tl, with elasticities a! — 1 and al, respectively: as
t

expected, the dearer are import prices in relative terms, the more households consume domestically-

produced goods.

2.2 Households
2.2.1 Consumption and investment decision of Ricardian households

In both countries, we assume that a fraction (1 — u') of households can participate to the financial mar-
kets. These households can borrow or lend money on an international market (see 2.5) and doing so
have the possibility to smooth their consumption across periods. Each household of this type (7) max-
imises her intertemporal utility function subject to her budget constraint (determined by the recursive
law of motion of private assets). Utility is similar to Trabandt and Uhlig (2011), that is non separable,
CES in consumption with external habit formation in a multiplicative manner.® Disutility of labour also
allows for habits.* This functional form is compatible with long term growth (King, Plosser, and Rebelo,
2002), as under this form the disutility of labour is concave for any value of the intertemporal elasticity

of substitution of consumption, and also ensures a constant Frisch elasticity.

We also consider that households derive utility from public expenditure and therefore redefine the
consumption bundle as a combination of private and public expenditures in a Cobb-Douglas fashion.
This choice of specification is a subcase of CES aggregations as in McGrattan, Rogerson, and Wright
(1997); Bouakez and Rebei (2007); Coenen, Mohr, and Straub (2008).

In all, a Ricardian household T solves:

0 T— . . . . ) .
oomax B YU (1), G )V (), Ly )W(GE, Gy (2.21)
Cp' (7) FAL(T),11(7) K (7)) T=t

3As in Abel (1990); Gali (1994); Carroll, Overland, and Weil (2000); Fuhrer (2000), introducing habits allows to account for
the persistence of consumption when estimating the model. It also allows for more realistic hump-shaped response functions
following shocks.

4Note however, that in the standard calibration of the model, these habits on labour are muted.
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subject to the budget constraint

FAL

FAL(T) = [ Rp_q — p(——=L
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and the capital accumulation equation
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Under the most general form, we define utility as:
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E;, B are respectively the expectation at time t operator and the discount factor; Cf/i(T) is the con-
sumption of Ricardian agent T in country i; ¢! is the inverse intertemporal elasticity of substitution. '
is the weight assigned to labour in the utility function; (Tli is the inverse of the Frisch elasticity. 1, hé, hf
are the external habit formation parameters on (private and public) consumptions and labour. ZF (1) is

the labour supply of household T and wi () its wage.

FAi(7) is the household’s T asset holdings at the end of period t while FA! is country’s i aggregate
level of private financial assets (see the atomicity assumption explained in the following paragraph on
private asset dynamics); R; is the interest rate set by the monetary authority in the union; ¢ is an interest
premium on debt (whose function is detailed subsequently).

vf’i is the tax rate on consumption or value-added tax (VAT) through which government expenditure
is partially financed. D! is the dividend paid by the firm to its owners taxed at rate vtD *, FD} are equiva-
lently the dividends paid by the financial sector taxed at rate vtF Pl and ®i(7) a lump-sum transfer from

the government. Finally, Ki(7) is the capital stock of Ricardian households depreciating at rate J and
which revenues are taxed at rate UtK’i.
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Y! corresponds to the steady state level of output, and Trr_; = (1 + ¢)T~! corresponds to the deter-

ministic trend of our model, where g is the growth rate of TFP.

In the capital accumulation equation, I!(T) is the investment level with an adjustment cost® S (;(v)/1i. (1))
depending on previous period level of investment.® As a result, households pay for the full investment
allotment I5.(7) and a share S (1:(r)/Ii_,(v)) is lost in the installation process. This adjustment cost miti-
gates the fluctuations of capital stock and investment in reaction to exogenous shocks. eiT’l represents an
exogenous shock to this cost sometimes found crucial to replicate the business cycle. The costate vari-
able for constraint (2.23) is defined as q;CPI}(1 + v} ") times the costate variable of the budget constraint
(2.22) ‘Bit)xt, so that g; is the market value of an additional unit of capital, that is Tobin’s marginal Q.

The Euler equation, the investment decision and Tobin’s Q for this programme are identical across
households, and under the assumption that differences in labour and consumption across Ricardian

households are of second order, we aggregate these first order conditions.”

The Euler equation describes the trade off between consumption and savings (on the financial mar-
ket):

U’ ) ci)y L W (G, ,G) Ri— FA;
(A—p)nN” ~t (A—p)nN” -t t+17 t PIYiTr

B'E ;
CRi ) LRi ) S ci 1+v

/ t 1 t 1 1 1 ’ t+1

U ((1_yi)ni1N'Ctl) 4 ((1—yi)nf1N’Ltl) w (Gt' thl) Ht+1 T+v7

=1 (2.25)

where IT;7; is the inflation of the consumption price index in country i.

5As in Smets and Wouters (2003) to Smets and Wouters (2007), this cost is introduce in order to smooth the reaction of
investment to shocks. Similarly, we assume that at steady state S = 0, S’ =0 and 8" > 0.

6As in most DSGE models, the investment decision is conducted by households only.

The extent of this approximation is explained by Carroll (2000) in a more general context. Within a linearised model we give
a detailed analysis of distributions in Appendix D.
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Investment and the marginal value of capital are described by the following first order conditions:

. Ii Ii Ii
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(2.27)

The latter, similar to the Euler equation on consumption (2.25), describes the trade-off between invest-

ment in capital and consumption.

2.2.2 Ricardian households” asset dynamics

By assumption, only unconstrained households can lend or borrow, their aggregate budget constraint

reads:

. FA! . .
FAL = Ry_q —p(—==L ) | FAL_ | + WRILR/
t < -1 IP(Pt’ilYlTrt,l )) -1 £ b

. o o o 2.28
— CPI(1+v¥)C + (1 — vPHDE + (1 — vfP/)FD] (2.28)

+ R (1 =8P KL — CPI(1 4+ vE) T

To make the cost of debt increase with the level of indebtedness and also ensure the stationarity
of the model (i.e. rule out unit roots to ensure the convergence of financial assets after shocks, see sec-
tion E), we include a premium on the interest rate i, which is akin to a transaction cost on holding
assets paid to an international financial intermediary and enforces a no-Ponzi scheme condition on the
evolution of assets (see Section 2.5). This premium depends positively on fai = %, which represents
the level of indebtedness of private agents in country 7 in real terms, Y being the steady-state value of

output (once detrended) in country i and Tr; its deterministic trend.
The premium a household faces depends on the aggregate private asset holdings of the country (or

local financial conditions), not on the household’s private personal financial position. Thus each house-

hold takes the premium as given in its consumption decision (atomicity assumption). As the model

13



will be linearised, only the value of i and its first derivative at the steady state will impact the model
dynamics. We specify ¢ such that ¥(0) = 0 and alg—gcx) > 0, so that both indebtedness and asset holding

incur a cost paid to the intermediary, and the value of the premium increases with debt.

If at the aggregate level, households in country i are net borrowers (i.e. FAL < 0), resident households
have to pay an interest premium on their debt amounting to |{(fal)|. When the country is net lender,
returns are reduced by i(fal) captured by the intermediary. This mechanism is equivalent to financial
intermediation services indirectly measured (FISIM, see section 2.5).

2.2.3 Consumption decision of non Ricardian households

The remaining fraction ' of households does not have access to financial intermediation and therefore,
their consumption cannot be smoothed across periods. These non Ricardian households follow a rule-of-
thumb:

0 = wi(7)li(T) + ®i() — CPL(1 4 v&)Ci(1) (2.29)
on aggregate 0 = WtNR’iLfIR’i + CD?IR’i — CPIi(1+ vf’i)Cf\m’i (2.30)

As no assets are available to non Ricardian households, they neither hold shares in domestic firms nor
in the financial sector and hence do not receive dividends. Moreover, in the absence of precautionary
savings of these households in our model, non-Ricardian households cannot hold money as a partial
substitute to bonds or capital and are unable to smooth their consumption in time even partially. As
a consequence, our model may overestimate their reaction to shocks (Challe and Ragot). For instance
following a positive productivity shock, prices and wages being sticky, firms will lower their labour
demand. While Ricardian households can smooth their consumption by selling some assets, consump-
tion of the non Ricardian ones will drop as a direct consequence of their decrease in payroll, this lower

demand will in turn affect output negatively.

2.2.4 Labour supply decision and wage setting

As we did for consumption goods, we model labour aggregation with a Dixit-Stiglitz function. Rela-
tionships between labour and wages are therefore similar to those between consumption and prices
(see section 2.1). Unlike consumption goods, labour is considered immobile and cannot be imported or
exported. The relationship between total demand for labour and each household supply as a function

of the demanded wage reads:

) —6i,
li(7) = — <w4ﬂ> Li (2.31)

niN |\ Wi
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We assume wage stickiness a la Calvo (1983), with parameter &, denoting the probability not to
adjust wages at each period. There is also partial indexation of wages on past inflation of consumption
prices according to parameter -/, and indexation on targeted inflation with parameter 1 — ~},. Wages
are also indexed on the deterministic trend of TFP.® Households solve the following program:

[ee]

max  Er Y0 (&) UCHT), Cry)V (Fur(x), Ly ) W(GH, Gr_y) 232)
wlt(T)rllt/T(T) T=t
subject to the labour demand function:

i —0i,
T p(r) = — @r(1) " (2.33)
tT nN \ Wi T '

as well as their respective budget constraint, and the following indexation rule:

i T
atp(r) = 0i(r) [] (7o (1)1 T = OO, (2.34)
k=t

where @.(7) is the optimal wage set at time t by household T and @ (1) is its wage at time T when
not reset between time ¢ and T; Ii(7) and l; T( T) are the corresponding labour demands. FZT(};l denotes
the indexation factor [T} (IT{ 7o (T194) 1Y Try / Try with T1% the steady state inflation of CPI'.

The first order condition reads

0 =E; i(gi”'Bi)T_tTt,T(T)U/(CZZ(T) ,Ch_ 1)V (ﬁt,T(T),UT_l) W(GL, Gk )
T=t

U'(Cir),C )V([it(T)rLiTq)W(Gf/ Gi_1)
U(Ci(t),Cir_,) ( (1), LE ) 6, —1 @i(0)T;"
(

) (2.35)
U(Ch(x), GV (o), L) O CPI(1L4+vY)

where one may recognize the stochastic discount factor between time ¢ and T and between brackets, the
wedge between the ratio of the marginal utility of labour and consumption and the real wage with a
term in 6, representing the market power of households.

Note that this wage setting equation is at the individual level and therefore that the associated util-
ity function and wages depend on the individual consumption of household t. However, as for the

Euler and investment equations, we make the standard assumption that individual dispersion can be

8These indexations are necessary to ensure that the distribution of wages does not diverge when there is non zero inflation
and exogenous growth at steady state.
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neglected (see Appendix D).

Although we can describe how wages and labour supply of resetters differ from other households,
we can not do so for consumption. With non separable utility, we are thus forced to assume that non

resetters and resetters have similar consumption within each type.”

The rest of the calculus (steady state and linearisation) is detailed in the subsequent sections, but be-
cause the consumption of the Ricardian and non Ricardian household differ, there will be two symmetric

Phillips curves for two different wages.

2.2.5 Households’ type aggregation

The introduction of two types of households results in additional aggregation rules for consumption,
labour and wages. As seen previously, the existence of two different Phillips curves for Ricardian and

non Ricardian households implies that their consumption, labour and wage patterns differ.

In terms of consumption, we now have for consumption of good j in country i and total consump-

tion:
Cl=C +CfY ci=c® et (2.36, 2.37)

where C]Rt’i and le\iR’i respectively denote consumption of Ricardian and non Ricardian households
of good j in country i. Consumption of the two types of households is simply additive: both types

consume the same goods at the same prices with the same imported and domestic share.

Labour and wages are not directly additive, but payroll is by construction. Similarly to labour and

wage in both countries we define aggregate labours and wages for both types of households:

i
O

s iy Gl o
L = i (e W) 239
JNR,i
. o,
. A e A
LR = (1= p)n'N) -e (/ Ii(T) b dT) . (2.39)
JRi

9Note that these consumptions converge to the same steady state and follow the same dynamic equations (respectively the
Ricardian Euler equation for consumption and the non Ricardian budget constraint).
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The corresponding wages are:

1
. .. 1 . i 1 ol
WNRE — (uin'IN) -1 < / w;(f)”wah)l £ (2.40)
NR,i

1

_1_
WtR’i _ ((1 _ yi)ni]N) 0, —1 (/Riwzt'(.[)l%dr> 1-6%, . (2.41)

Labour aggregation read as follows:

1 nIN =1 0l,—1 1 6l,—1 oL —1 ol 1
L} = (nN)1- /o (1) % dt = (nN) 1% /NRllt(T) oL dr -+ li(t) % dt

1 NRA 9}uf1 1 R1 9}0f1 9,1071
i g1 i\ ol
= ]/[1 b (Lt ’ ) b _|_ (1 — ‘ul)gw (Lf ’ ) b

(2.42)
0%,
1 @1 ) A1\ B
Lf _ (Hi% (Li\m,z) [ (1- Hi)@ (Lf'z) 02 ) (2.43)
Wage aggregation reads:
. . 1
. . . 1—9;0 . ; 1_9;4) 1*79&
Wi = <w (W) =) (W) ) (2.44)
In real terms, using the variable used in the linearised model, this also rewrites:
N 16}, . N 1-6i, ) N\ 1-6%,
(Rwi) ™ =g (RWNE) T (1= ) (RWE) (2.45)

with RW the purchasing power of net wages that is deflated by the country’s VAT included CPL

2.3 Firms

We assume an exogenous and global technological growth process in the form ¢} = etg’i(l + ¢)!T', where
g is the deterministic growth rate of total factor productivity, { the de-trended steady state level of
technology, and etg a possibly autocorrelated stochastic productivity shock. In the rest of the paper, we
denote Tr; = (1+ g)' the deterministic trend of TFP. We assume that technology can be shared and

transferred within the union, so that TFP growth is the same in both countries.!?

0However, the steady state detrended level of TFP, ie. g‘i, differs across countries to take into account the initial differences in
wealth across countries.
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2.3.1 Production factors optimisation

Firms hire domestic labour at the cost W} (1 + v}’ ), where vy " is the payroll tax rate levied by the gov-

ernment on firms.!!

Firms also rent capital from households at rate 7. In real term the rental cost of demanded capital
Kf’i(s) is then r’f’in’i(s) paid at time f. In nominal terms, this cost equals r]f’in'i(e)CPIf: the value of
the rented capital in current € is equal to the real capital stock times its market price CPI}.'”> Note that
capital from previous period is used for production at time assuming installation delays. Therefore at

market equilibrium, we have on aggregate Kf’i = Ki—l .
In each country i, firm e produces the differentiated good yi(e) with the following technology:
i i\ Y (g (o)) i wiyri ki~ i pedi
(e t) = (CtLt(e)) (Kt' (e)) at cost Wi (1+v%)Li(e) + rCPIIK% (e), (2.46)

where « is the share of capital costs in value added. For sake of simplicity, although it may prove em-
pirically relevant (Challe and Ragot), we do not assume that Ricardian and non Ricardian households

correspond to different types of workers. Firms hire both types of households indistinctly.

Every period, firms can reset the quantity of each production factor they use taking wage, taxes and

rental cost as exogenous. The arbitrage condition between labour and capital demand yields:

T—a  WiL+vP)Li(e) 1—a _ Wi+y"L

= — - on aggregate - : (2.47)
“ ry'K{" (e)CPI} BETEE & MK CPI
The marginal cost of production is identical across firms and does not depend on its size:
1 Wi 1-a N
i — i t w,i ki i

MCi(e) = MCi = ey (g;;(l + ] )) (rt CPI;) (2.48)

. . 1—a .

; _ MGy 1 RW; o w,i ki\* CPIi
RMCi = R < Ci (1+v5) (1 + v (rt ) B (2.49)

2.3.2 Price setting

The price setting follows Calvo process in each country. Firm ¢ can reset its price with exogenous prob-
ability (1 — ;). Producers know the relationship between their price and the demand for their product

HNo taxes on labour income (social contribution, income tax) are paid by households here. The steady state is not affected by
this assumption but the reaction of wages to this tax is affected in the short-term.

12The price of capital is by convention the same as the price of investment, which is identical to the price of consumption as we
assume that both goods are identical.
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and choose their price P} (¢) so as to maximise their expected profit under that constraint:

g}ggaz (BE)T A (Pi (€)1 (e) — Wi (1 + v L r(e) — i CPIEK(e) ), (2.50)

T=t
' 1 ([ Pir(e) -

subject to 7} r(e) = e PlT Yz, (2.51)

. . 1—a . w

vir(e) = (GiLire) (K@) (2.52)

1—a  WI(1+v")Li(e)

PR P v (2.53)
" Ki" (¢)CPI;

: o T-1 N A T | - _

Pir(e) = Pi(e) [ T (1) " (IT) "7 = P(e)T] (2.54)

k=t

where the Lagrange multiplier A% is the marginal utility of a representative Ricardian households in
country 7.3 yfilT(e) is the demand for goods produced by firm ¢ of country i at time T when its price
was last reset at time f. ’y; is the parameter of price indexation on past inflation and FtT_l denotes
I 7 (1)~ M. So Pl 7(e) = Pi(e)IT ! is the price of good € of country i at time T when its price
was last reset at time ¢. Note that TT! is the inflation of goods produced in country i and differs from
inflation of the consumption price index CPI!, which includes inflation from imported goods as well.
[T is the steady state value of IT..

The first order condition reads:

oo vi [piearT1\ " /_ - oi ,
0= Y (FT)" l&(*(;{f ) (;@)r? Lo oM 255)

2.3.3 Dividends distribution

Firms cannot save or invest, so they redistribute their profits to households. This distribution can be
thought of as dividends to firms owners, if negative it is similar to a recapitalisation of the firm. There-
fore, we assume that only unconstrained households, who have access to financial and investment

markets, are paid such dividends D!.

= PiY} — Wi (1 + v L — /MKi_ CPI (2.56)
= PiY} (1 - RMG;) (2.57)

13These households own the firms, so logically their utility enters the price-setting program. This is however neutral on the
linearised Phillips curve apart from a redefinition of  when there is long term growth, a redefinition which does not depend on
households type.
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2.3.4 Aggregate production function

We assume that the production function is identical across firms. We can compute the aggregated

production function based on the definition of Y/ as a function of yi(e):

oi

. A PP e o1
Yi= () | [T i) o e

¢ (2.58)

01 91
. . 1—a ; o e
SN an® o [ PP [ Lice) K{'(e)
d, ;
= (au) " (k) ey | (fU;) (;d,i de
t

which simplifies because of equation (2.47)

oi—1 0l 1

(@) ) o | (M) | () () e

L

It follows that the production function on aggregate includes a measure of firm size dispersion.
The productivity shock could be assumed to encompass both aspects: individual productivity and size
dispersion; however the pure productivity shock appears on its own in the Phillips curve on prices
(through the marginal cost of production). Hence, following the common implicit assumption in this
literature, we assume that dispersion is stable enough for A; to be taken as constant, assumption verified

at first order (see Appendix D). Moreover at the steady-state, firms are all identical, that is of same size

1
PP’

It follows that the steady state value of the dispersion index A is A’ = 1.

2.4 Fiscal Authorities

By and large, the purpose of governments is to stimulate domestic production, labour and individual

consumption, as well as to provide with public and collective goods and services.

In the real world, fiscal policy is implemented through a large number of instruments such as
public expenditures, investment, or employment, as well as through the taxation and social contribution
system. However, this large number of instruments cannot be modelled in details and one need to resort

to simplifications.
Tax system First, in MELEZE, we assume that tax rates over consumption, labour and capital incomes

are exogenous and are discretely chosen by governments. This choice is consistent with a low variability

of apparent tax rates in the data over the calibration period.
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Transfers Second, in the present model, governments can raise lump-sum taxes or commit to lump-
sum transfers to households. In the baseline behaviour of MELEZE, these transfers are held constant.
However, we allow for potential exogenous transfers shocks, targeted on Ricardian or/and non Ricardian
households.

Here, nominal lump-sum transfers from the government are additive ®! = @Z\] Ri 4 CIDF’i, and we
chose the most simple way to distribute transfers (default setting), that is in proportion to their popula-
tion share: ®M* = yidi and R = (1 — i) i

These transfers can easily be endogenised to reflect the redistributive policy of the welfare state
within the cycle. At steady state, any redistribution weights can be rationalized by the relative weights

assigned by the government to both types of households.

Public expenditures In the absence of public production or employment in the present model, we

capture and encompass all remaining dimensions of public intervention through public expenditures.

In order to model fiscal policy, these expenditures are decomposed between an endogenous compo-
nent answering to economic developments and an exogenous and discretionary component. In standard
DSGE models, the endogenous behaviour is either modelled as the solution to a Ramsey optimality
problem or through budget rules estimated ex ante. In the following sections, we take a closer look at

different budget rules and present an alternative to the Ramsey approach to model public expenditures.

Moreover, and to model the persistence of government expenditures (the welfare state cannot be
dramatically reshaped overnight), we introduce habits on public consumption in the households’ utility

function.

2.4.1 Budget and fiscal rules

Budget rules can be implemented in different ways all relying on the ad hoc description of governments’

spendings as a function of observable endogenous variables.

1. Exogenous public spending In closed economy when fiscal policy is not the purpose of the model,
the government behaviour can be greatly simplified: one can assume (i) the absence of taxes, (i)
exogenous public expenditure, and (iii) public debt as a mere counterpart of private assets. In
this specific case, lump-sum transfers are assumed to balance the government budget constraint.

For instance, Negro, Schorfheide, Smets, and Wouters (2007) or Justiniano and Primiceri (2008)
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consider a budget rule of the following form:

Gi = (1 — 11> Y} (2.60)
8t

where ¢! is an exogenous disturbance following the process:
log gt = (1—py)log g’ + phlog i + 0 el s (2.61)

However, such a rule can not be incorporated in our open economy model. As there is explicit
public debt, there must be some mechanism ensuring the existence of a steady state for public

expenditure and debt altogether in both countries.

2. Endogenous spending without distortive taxes Corsetti, Meier, and Miiller (2010), in a monetary

union model, consider three fiscal instruments, namely spending, transfers and debt modelled as

follows:
i ~i i i if PA} |
G = (1= ¥gq)G' + ¥geGp 1 + ¥y (Vi1 = Vy) +¥eu P + € (2.62)
o [ PGl \'® PA!
—L =G A 2 + ¥t (2.63)
P} CPLG CPI;_,
where Ytlf 1 denotes the level of output that would prevail under flexible prices and wages. At

steady state with these specifications, there is no public debt. Public spending may be made ex-
ogenous (Ygy =Ygy = 0), in which case transfers adjust automatically to ensure the convergence
of public debt to its steady state. Corsetti et al. (2010) compare the previous case to a situation
where public spending is adjusted endogenously to contribute to the convergence of public debt
and may in addition be pro or contra cyclical depending on the value of ¥,

3. Endogenous spending with distortive taxes In models where fiscal policy is more detailed, ad-
justment can be made through tax rates. For instance, Carton and Guyon (2012) consider that the

VAT rate follows a fiscal rule which enables their monetary union model to reach a steady state:'*

Vit — v = pe (v — 7Y 4 (1 - pg) [ﬁBG(P“i —pa') + Bpc(pai — Pﬂiq)] (2.64)

Under this form, the VAT rate will gradually adjust to equalize the public debt to its targeted level.

140ther instruments available are social contributions, transfers or public expenditures.
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In the European Commission model QUEST III, Ratto, Roeger, and in't Veld (2009) consider a
much richer fiscal policy. It is assumed that the government reacts to its own measure of the output
gap, which differs from the wedge between output under staggered and flexible prices usually
considered for monetary policy analysis. This variable influences government spending, public
investment and the income tax rate. Pensions and unemployment benefit react to the population
structure and aggregate wages. A lump-sum tax ensures the convergence of public debt to a

targeted level at steady state by reacting to both debt and deficit.

Modelling governments’ behaviour through fiscal rules is a flexible approach, however it is subject
to two issues. First, budget rules postulate a behaviour rather than an objective for the government
and are therefore subject to the Lucas critique as they do not identify structural parameters for the
government’s behaviour. Second, when designing a budget rule, one should be particularly cautious
as rules may not be compatible with the existence and uniqueness of the model’s solution if long-term
solvency of the government is not properly ensured.

2.4.2 Optimizing government: a simplified approach to the Ramsey problem

Rationale The introduction of rationality in DSGE models historically and naturally lead to the defini-
tion of an optimal government behaviour as a normative benchmark, namely the Ramsey policy. Indeed,
in a internally consistent DSGE approach, governments seek to maximize the welfare of their domestic
households, and it is therefore natural to define the objective of fiscal authorities as the maximization
of the intertemporal utility of households. In the presence of rationality, this maximisation is indeed
subject to the public budget constraint but also to the full set of model constraints. In particular, when
choosing the optimal level of public expenditures G;, the government internalizes its indirect impact on

households’ consumption and labour supply, and therefore households’ utility.

One strength of this standard Ramsey approach is its robustness to the Lucas critique as it defines
a structural behaviour consistent with the hypotheses of the model. In addition, as we introduce gov-
ernment spending in the utility function in MELEZE, this Ramsey approach appears to be even more

strongly justified.

However, solving a Ramsey problem is both analytically and numerically complex (when not infea-
sible) in large models, especially within the business cycle, as well as unrealistic as it does not embody
political choices observed in the real world that may depart from optimality. This reason underlies the

classical choice of ad hoc budget rules in DSGE models.

As an alternative to these rules, we propose a new approach based on a simplified version of the

Ramsey problem where the government still maximizes households’ utility subject to its transfers/tax
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revenues budget constraint, however not taking into account all other constraints. Concretely, the gov-
ernment solves the Ramsey problem taking endogenous variables other than public expenditures as
given (such as Ci(7) and Li(7) here)!®. As a result, such a government focuses only on the utility
derived by households through the direct action of the government rather than through second turn
effects on consumption and labour. As for budget rules, this remains inconsistent with the DSGE ap-
proach of a full knowledge of economic mechanisms by agents. However, this may also be interpreted

as a difficulty for fiscal authorities to exactly assess the impact of its policies on the economy.

Closer to the full Ramsey problem, we believe this approach to be more robust to the Lucas critique

than traditional budget rules as it partially micro-founds the behaviour of the government.

However, both approaches suffer from the same paradoxes when embedded in a general equilibrium
model solved under rational expectations. First, in order to solve for such a model, expectations of all
agents are assumed formed through the entire model. It is then paradoxical to assume that either the
government maximizes its objective under a subset of constraints or maximizes an implicit objective
through a rule defined outside the model. Second, both modelling are only simple descriptions of fiscal
authorities and do not encompass real-world phenomena such as the will of authorities to get reelected

that may induce sub-optimal behaviours.'®

Program and objective of the government As the government now seeks to maximise the intertem-
poral flow of utility across all households 7, defining weights for each households (ie. the cumulative
distribution function F), the government’s objective OF is given by the aggregation of these intertem-

poral flows:'”

Of = / . {Et Tit By U(Ci(x), Ch_y)V(Lin(x), Ly )W(GE, h)}df(r)

=E L p. T Gy [ {U(ChD), G VL), Lh )} dF (D) (2.65)
—¢ TEIL

=) B, 'WI(Gh, Gf ) Or
=t

Under the reasonable assumption that the government cannot distinguish households within the same

sub-group'®, denoting wg’i the weight on Ricardian agents, and neglecting the intra-group dispersion in

15This choice of modelling is equivalent to consider that the government behaves under bounded rationality.

16See for instance, the public choice theory literature.

7With separable utility, the government can restrict to maximize the intertemporal flow of utility W (Gk, Gi._;) alone.
U(Ch(t),C_;) and V(Li(7), L ) terms disappear.

18That is for instance, the government cannot distinguish and weight differently two Ricardian households. However, it can put
a different weight on Ricardian and non Ricardian agents.
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labour and consumption, the weighting factor (); rewrites:

R cRi : LY :
— 1 /1 1 1
QT = n N(,Ug u W, CT*] )% W, LT*]

CNR,i LNR,i (2.66)
Riy.i ‘ 4
+ (1 — wg ’)n’]NLl (}llTl’llﬂ\I’ C%’l) V (}llTl’llﬂ\I’ LlTl)
All in all, in the most general case, the government’s program is as follows:

O Tt D ; L ~ .
max Er Y B, W(GH, Gr_y) Qp(CH, CYR, Ch_y, LI, LR 1) 67)
G PAT  T=

o L —hi 1)
with W(Gk, G ;) = (G;( i) g) (2.68)
st. PAL = | Ry — 8(7PA£*1 ) | PAL_y +v{"'WiL} +v}'r{CPIK]
1. PA; = | Re—1 — ¢ P Y'Tr -1 TV Wik + vy 1 (2.69)

+v{'CPI{(Cl + I}) + v/ D} + v; ' FD} — PG} — @]

where PA! denotes the nominal public assets of country i at the end of period t, and ®! are nominal

transfers to households.

Note that the real interest rate for governments differs from that of households because their con-
sumptions are priced differently, governments buying exclusively domestic production. Also the atom-
icity hypothesis made for households relative to the asset market does not hold for governments and
their debt premia differ (y versus y€). Besides, the discount factor of the government needs not be
equal to that of households. On the one hand, the government, as an institution, is longer lived than
its citizens and for this reason could put a higher weight on future utility than households do. On the
other hand, as political entities aimed at satisfying voters and wining elections, governments may also

put a higher weight on the near future.

Solving for the previous program yields the following Euler equation for government consumption
that defines the default behaviour of fiscal authorities in MELEZE:

. . . . . R, _¢g( PAI ) __PAl lpg/ < PAi >
1 1 1 1 1 ivi ivyi 1yi
Etﬁé Wi(Giyq, G Q1 + /BgEt+1W2((;t+2, Gi1)Qti2 PIYTr; PIY Ty, YT ) .

Wi(GE G ) Q% + BLEWa(GL 1, GI) Qi I,

(2.70)
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2.5 Financial Intermediation

The stationarity of an open economy model is not straightforward. As explained by Schmitt-Grohé and
Uribe (2003), in a small open economy model, it can be ensured by some modelling elements, which
are usually not microfounded. The literature on monetary union model usually borrows the same so-
lutions. In our model, we microfound one of Schmitt-Grohé and Uribe’s proposals (debt elastic spreads)

and introduce a simplified international financial market.

We assume that there exists an international financial market for assets (private or public). On the
financial market, intermediaries can borrow money from the central bank of the monetary union to
finance public or private credit, and conversely borrow money from agents to deposit it at the central
bank. Through financial intermediaries, private (resp. public) agents can borrow or lend money by pay-
ing a debt premia ¥ (resp. 8). The interest rate for the exchange between the central bank and the
financial intermediary is the interest rate set by the central bank.

We assume that financial intermediaries work in perfectly competitive market. They operate a war
on prices (spreads), up to a point where they make no profit. To ensure the orthogonality of financial
intermediaries with respect to the rest of the monetary union, we assume that their unique cost is the
refinancing cost vis-d-vis the central bank. Assuming so generates no wage payment or capital and inter-
mediate consumption purchases in this branch of activity hence no transfer between the real economy
within the monetary union and financial operators located outside this union. Therefore developments
on the financial market do not affect the rest of the system. The optimisation program of financial inter-
mediaries is not needed to close our model. One could for instance assume that financial activities are

based strictly out of the monetary union, for instance in England or in Switzerland.

As a result, if households or the government in country i are net borrowers (i.e. FAi <O0or PAZ; <0),
this agent has to pay an interest premium on his debt amounting to |¢(fal)|, |3 (pa’)|. When the agent
is net lender, returns are reduced by this same spread captured by the intermediary. This mechanism is
equivalent to financial intermediation services (FISIM, see Figure 1). In our model, there is no explicit
risk or asymmetry of information so that the financial intermediation comes down to the spread be-
tween the refinancing rate offered by the Central Bank and the market rate set by the commercial bank

without risk, term or other premium.

Concretely, the aggregate cash needs financial intermediaries borrow from the central bank are the

opposite of all agents asset holdings:

CN; = —(FA} 4+ FA? 4 PA} + PA?) (2.71)
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Figure 1: Debt elastic spreads are similar to FISIM

The production of financial intermediation services associated is given by the amount of spread paid

today by agents on their stock of financial assets available at the end of previous period:

PA; .
FY; = ¥ FAL [+ Y ¢8| ——=L ) pAl (2.72)

1212 <Pl YlTrt > =1 lZlZ P;_1Y1T7t71 t=1
As for good producing firms, we assume that financial intermediaries are owned by Ricardian house-
holds. However, ownership is transnational. We do not introduce in the model any labour or capital
for the financial intermediation industry and simply assume that all benefits are paid lump-sum to

Ricardian households (F D ) Moreover, these benefits are paid in proportion 6/% (c.f. section A.9).

FD! = /" FY; 2.73
t 1+9fa ( . )
1
FD? = WFYt (2.74)
Az PA! )
FD! + FD? = FAL . + § | =L | pAl 2.75
t t zzllzl/] (PZ YlTrf* ) o l;;lJ Py 1 Y'Tri ! 27
In real terms, this rewrites:
FAK FAK PAK PAK
FYt _ Z l/J( t—1 t—1 lng( t—1 ) ' t—1 (276)

— — — + = —
PYiTr; 5, PE Y¥Tr, PY'Tre (S" " PFYKTr,_y PiYiTr
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Denoting fdfE = %, we have:
fd} :LMLYf
f 146 PIYIT,
o i1)fa; 8 (pal_,)pa} 2.77)
171 ofa (1/’(fat—1)f’1t—1 + 98 (pas_1)pa; 4 .
Ty 1 2 2 2 2 1 Try_q
+ 0 {lp(fat—l)fat—l + wg(Pat—l)Wt—l] ﬁ} Tr,
1 FY;
e —
1 =1 o v,
R (Bb(fa%fl)f”%fl + Y8 (pai_y)pa;_y (2.78)
0 1 1 S (1l 1 1 Trpq
+ T {lzb(f“t—l)f”t—l +¢ (P“t—l)?at—l] H% Tr,

Also, to mimic the interbank overnight markets where banks clear their daily position towards the
central bank by lending or borrowing according to the refinancing rate, we assume that at each period,

the financial intermediaries clear their position towards the central bank:
CN; = —(FA} + FA? 4 PA} + PA?) =0 (2.79)

This zero cash needs condition can also be read as public debt being held entirely by households within
the union. In section E we show that assuming no aggregate debt in the monetary union at steady state
implies this zero cash needs constraint at all dates. This constraint ensures that the model satisfies the
Walras law, i.e. that once all markets are cleared, three out of four laws of motion of assets (public and
private in both countries) imply the fourth one. The economic property of being Walrassian implies that

the steady state is stable and the solution to the linearised model is unique.

2.6 Monetary Authority, Prices and Inflation

The central bank sets the nominal interest rate Ry common to both countries through a Taylor rule

(Taylor, 1993), where it reacts to both current inflation of the consumption price index and to the output

&ap-

Hunion,VAT 'n o 1-p
Ry =R, (R* (fm> Y/) (2.80)

where H?"iO"'VAT and Y; are respectively the VAT-included average inflation of consumption in the mon-

etary union, and the total output gap of the monetary union (see Appendix C.1). R* is the interest-rate
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target of the central bank and IT" its exogenous inflation target. 7, and r,, are the Taylor rule weights

assigned to inflation and the output gap, p is the interest-smoothing parameter.

As there is no union-wide maximizing households embedded in the model, union aggregate price
index and aggregate output gap cannot be directly inferred. A way to bypass this issues can be to as-
sume that for instance, the aggregate price index is consumption weighted geometric average of the

national price indexes as in Eggertsson, Ferrero, and Raffo (2014).

In our model, we choose to derive approximation of the national-accounting exact definitions of
both the aggregate price index and the aggregate output gap for the monetary union. The derivations

are presented in Appendix C.1 and allow to define:

[enion VAT _ 1 ___[VAT 1 AT (2.81)
(14+9€2)CPI°C 14+ (14vC1)CPI'C
(1+vC1)CPI'C' (14+9C2)CPIC”
Ytunion — 1 _ Ltl 1 Ltz (2.82)
1+% Y11+ QT Y2
where IT#"0m VAT refers to the VAT-included CPI inflation.
2.7 Market Clearing and relative prices
Every period, markets clear in quantities in both countries:
Yi=cl,+c,+I,+1,+Gl. (2.83)
In values, this becomes:
PiY] = P{(Cl,+ IL,) + P{(Cl, + 1) + PG} + Pi(C], + 1],) = P/(C}, + I ), (2.84)
which can also be written under the well-known form:
PiY} = CPI{(Ci + I!) + PG} + P{X} — P/ Mi, (2.85)

where X! is the exports sold to country j at the price of the domestic good. Likewise, the imports M:
are bought from country j at price P/. Because demand for foreign goods is addressed by households

for consumption and investment, we have Mi = C]it + I;t =X].

CPI!

Moreover, the relative prices of consumption RPCi = i
t

with respect to production (net of taxes)
are equal to:
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1 2

p2\" P\"
RPC} = (g) RPC? = (g) (2.86, 2.87)
Py Py
We denote the terms of trade
P?
T = le (2.88)

3 Calibration

The model being derived, Appendix A details the steady states relationships between variables. Taking
into account all these relationships imposes crucial restrictions on structural parameters, endogenous
ratios to GDP, as well as on endogenous variables in level. We calibrate our quarterly model as to match

1

the situation of France within the Eurozone!” over the period 1995-2007, and as to stay coherent with

the traditional DSGE literature for structural parameters.

3.1 Classification of parameters and resolution of the steady state

We distinguish three types of parameters: (i) structural parameters, (ii) policy parameters and (iii) en-
dogenous parameters. Indeed, due to the large numbers of steady state restrictions to account for, some
parameters cannot be calibrated freely and are actually endogenously determined by the steady state
equations. Structural parameters are parameters (technology, preferences, etc.) deemed purely exoge-
nous, accounting for mechanisms outside of the model and not susceptible to change across simulations.
Policy parameters corresponds to discretely chosen parameters by fiscal and monetary authorities such
as the inflation target and the tax rates. Lastly, endogenous parameters are constrained by the full steady

state model and need to be solved for. In all, parameters are sorted as follows:
* Structural: n, N, ', o}, of, ', b, I}, By, 0, T, 8, &, 07, 7}y, Glos Ois YVis 8, B, By K, 0, 0, g
e Policy: vo, y@i y&i ydi yfdi @i 1], Ty, M1

¢ Endogenous: R, pu’, _ai, 7yl Gyt i i, T, 0, and other endogenous steady state values of endogenous
g p 8y, ¢y, 1y g y g

variables.

The number of firms p, P are mute throughout the model, the scale of production being defined by the

size of populations 7,IN and productivities ¢'.

Following this choice, we explicit a sequential method for the resolution of the steady state that
minimizes the number of simultaneous equations systems to solve. This resolution is implemented

under R and the main guiding lines are as follows:

1911 countries: Belgium, Germany, Ireland, Greece, Spain, Italy, Luxembourg, Netherlands, Austria, Portugal and Finland.
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1. First, given the exogeneity of j, Blg and IT, the Euler equations of both the households and the
governments (Equations STEADY.1 and STEADY.6) define the debt to output ratios pa’ and fa'
as functions of the nominal interest rate R. As such, the zero cash need condition (Equation
STEADY.7) can be interpreted as a market clearing condition defining the price of bonds R de-
pending on the supply (public debt) and demand (private savings) for financial assets.

2. Second, we isolate a first system of equations composed of national market clearings (Equation
STEADY.9), the definitions of the trade balance through both financial flows (Equation STEADY.14)
and trade flows (Equation STEADY.13), the zero cash need condition (Equation STEADY.7) and
the governments” budget constraints (Equation STEADY.12). This system allows to compute the
nominal interest rate R, the trade balance to production ratio tb, government spendings gy’, con-
sumption and investment to production ratios (cy’ + iyi)RI_’Ci, as well as the relative size of nom-

inal value added across countries 0* = 0/T = Y'/TY2.

3. A second system of simultaneous equations corresponds to the determination of the share of (non)
Ricardian agents in consumption s and payroll Séul given exogenous fractions of non Ricardian
agents . This system consists of both the non Ricardian households budget constraints (Equation
STEADY.3) and the consumption-leisure arbitrages (Equation STEADY.4).

4. At this point, Equation STEADY.16 allows to compute the level of labour supply in both economies.
The resolution is closed by computing the level of production in both countries with use of Equa-
tion STEADY.17 and the terms of trade T = (Y'/Y2)/e*.

5. Others endogenous ratios are then merely computed using straightforward combinations of pre-

vious variables.

3.2 Data, calibration and inverse inference

Values for structural parameters, when possible, are chosen from the standard literature on DSGE mod-
els, these parameters being estimated either by Bayesian methods on macro data or directly on micro
data.

Based on a large literature review,”’ Table 2 presents the calibration of structural parameters as well

as their sources.

20Trabandt and Uhlig (2011), Roeger, Varga, and in’t Veld (2008), Martin and Philippon (2014), Smets and Wouters (2002),
Annicchiarico, Di Dio, and Felici (2013), Vogel (2012), Coenen et al. (2012), Eggertsson et al. (2014), Ratto et al. (2009), Everaert
and Schule (2008), Bayoumi, Laxton, and Pesenti (2004), Ho j, Jimenez, Maher, Nicoletti, and Wise (2007), Kaplan, Violante, and
Weidner (2014), Bussiere, Callegari, and Ghironi (2011), European Commission’s Quest III R&D model for France

31



DATA MELEZE

EA (12) exc. FR  FR | EA (12) exc. FR  FR
Output in 2000 (GDP)* 5458 1485 5314 1473
Output in 2000 (VA excl Financial)* 4656 1278 4635 1281
Output per capita average growth rate** 1,1 % 1,5 % 1,2 % 1,2 %
Working age population in 2000 *** 110,3 25,7 110,3 25,7
Hours worked per week (since 2000) 34,5 34,3 34,6 34,3
Gross Op. Surplus to VA 48 % 40 % 46 % 46 %
Gross wages to VA 52 % 57 % 54 % 54 %
Nominal 3 month Euribor** 3,8 % - 4,0 % 4,0 %
Inflation (CPI)** 2,0 % 1,6 % 2,0 % 2,0 %
Private consumption to GDP ratio 57 % 55 % 58 % 58 %
Public consumption to GDP ratio 19 % 23 % 22 % 23 %
Investment to GDP ratio 22 % 21 % 20 % 19 %
GECF to Capital ratio - 7 % 9 % 9 %
Trade balance 2 % 1% 0 % 0 %
Imports from Euro area partner’ 3% 12 % 3 % 12 %
PPP (GDP, since 2002) 1,00 1,07 1,00 1,07
PPP (CP], since 2003) 1,00 1,06 1,00 1,06
Public debt -51 % -37 % -51 % -38 %
Private assets including firms (S1 excl. S13)** 34 % 41 % 50 % 41 %
Net financial position (52)** 17 % -3 % 1 % -3 %
Tax revenue (in GDP) 40 % 44 % 37 % 40 %
Implicit tax rate on consumption 20 % 20 % 20 % 20 %
Consumption tax income (in GDP) 11 % 11 % 13 % 13 %
Implicit tax rate on labour 38 % 39 % 38 % 39 %
Labour tax income (in GDP) 21 % 22 % 18 % 18 %
Capital tax income (in GDP) 8 % 10 % 7 % 8 %
Transfers (in GDP) 16 % 17 % 17 % 19 %

Sources: Eurostat (National accounts, inflations, Euribor, Purchasing Power Parity (PPP), Gross Fixed Capital Formation (GFCF),
population, Labour Force Survey -incl. Secondary job), Insee (Capital Stock Accounts)

Data are averaged from 1995 to 2007 to exclude the crisis. Depending on availability, samples may start after 1995.

EA (12) excl. FR stands for a 12-members Euro area excluding France and FR for France.

* in billion € in current prices

** annualised
*** aged from 15 to 64 in millions

* share of imports from EU partners in private consumption

Table 1: Actual data for France and the Euro Area and the corresponding endogenous values at steady
state with our calibration
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Structural parameters

France  Eurozone
Union-wide
Technology parameter « - 0.35 Consensus, ANA
Depreciation rate ) - 0.02 Consensus
Capital rigidity S - 6.17 Smets and Wouters (2005)
Population size =~ IN - 135922100 ANA
TFP growth rate g - 0.003 ANA,Coenen et al. (2012)
Monetary policy
Inflation IT* - 1.005 Consensus, ECB
Smoothing parameter 0 - 0.86 Barthélemy, Marx, and Poissonnier (2009)
Weight on inflation T - 1.6 Barthélemy et al. (2009)
Weight on output gap ry - 0.16 Barthélemy et al. (2009)
National specific
Population share nt 0.19 0.81 ANA
Trade openess ol 0.15 0.04 ANA
Substitutability between goods o' 6 6 Quest III
Substitutability between workers 6l 4 4 Smets and Wouters (2005), GEM, QuestIII
TFP scale factor z 0.1112 0.1119 ANA, GDP target
Weight on labour disutility K 2.77 3.30 ANA, Hours worked target
Households discount factor B 1.0002 1.0003 ANA, Debt to GDP target
Government discount factor ,Blg 0.998 0.997 Own calibration (see Section 3.2)
Inverse risk aversion lop 1.13 1.13 Smets and Wouters (2005)
Inverse Frisch elasticity (le: 2 2 Smets and Wouters (2005)
Weight on public consumption utility n' 0.2 0.2 see infra.
Consumption habits hi 0.61 0.61 Smets and Wouters (2005), NAWM
Labour habits h; 0 0 Smets and Wouters (2005)
Public consumption habits h’g 0.56 0.56 Smets and Wouters (2005)
Share of non-Ricardian agents ' 0.4 0.4 QuestlIl, Martin and Philippon (2014)
Price rigidity & 0.72 0.72 Barthélemy et al. (2009)
Wage rigidity b 0.72 0.72 Smets and Wouters (2005)
Price indexation 'y; 0.13 0.13 Smets and Wouters (2005)
Wage indexation 7/, 0.36 0.36 Smets and Wouters (2005)
Households financial premium = ¢gjope ~ 0.0005 0.0005 Authors
Government financial premium 1/)51 ope 0.0005 0.0005 Authors
Fiscal policy
Consumption tax rate 7% 20.3% 19.5% Eurostat
Labour tax rate 7%/ 39.1% 37.7% Eurostat
Capital tax rate 7%/ 21.0% 17.0% Eurostat
Transfers to GDP ratio &' 19.4% 17.4% Eurostat

ANA stands for Annual National Accounting data. For France, data are from the Insee, whereas international comparison within

the Eurozone is conducted based on Eurostat data.

Consensus indicates a value close to a large number of standard DSGE models.

Table 2: Structural parameters
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In particular, the specification of households’ utility is a crucial determinant of the behaviour of the
model. As highlighted in Everaert and Schule (2006), the estimation and identification of these two pa-
rameters, and in particular the (Frisch) elasticity of labour supply, is very sensitive to the methodology

(micro or macro) and the sample considered.

Trabandt and Uhlig (2011) calibrate their model to an inverse Frisch elasticity of o; = 1 for France or
the EU, in line with Kimball and Shapiro (2008) for the US. They also consider an alternative based on
Cooley and Prescott (1995) with o; = 0.33 for the US. These values are in line with the business cycle
literature and close to values estimated by Bayesian methods, as for instance in the different versions
of Smets and Wouters” model with 0; = 2.4 (Smets and Wouters, 2003), 0; = 2.0 (Smets and Wouters,
2005) both for the EU and 0; = 1.9 (Smets and Wouters, 2007) for the US. However, micro and macro
evidence is not easily reconciled and lead to very different values of the Frisch elasticity. Bayoumi et al.
(2004) mention that micro studies give a range for o; from 3 to as large as 20. In alternative scenarios
for the GEM model, Bayoumi et al. (2004); Everaert and Schule (2006) set 0; = 6 or 7 for Europe or
France specifically. We calibrate MELEZE in line with Smets and Wouters (2005) in order to work with
a medium range value of the Frisch elasticity, that is ¢; = 2.0.

For the inverse of the intertemporal consumption elasticity o;, the debate is less fierce and values
range from 0.5 in Bayoumi et al. (2004) for EU countries to 2 as in Trabandt and Uhlig (2011) (EU
and France). The different versions of Smets and Wouters give . = 1.3 in Smets and Wouters (2003),
0. = 1.13 in Smets and Wouters (2005) both for the EU and ¢, = 1.4 in Smets and Wouters (2007) for
the US. We choose to match Smets and Wouters (2005) calibration with ¢/ = 1.13.

Another weakly identified parameter, often estimated using Bayesian estimation methods or simply
calibrated with "expert" insights, is the share of non-Ricardian households x'. In GEM, this share is
estimated to be 35% for France and 45% in the Euro area, whereas it stands to 40% for both in QUEST
III. However, micro-studies highlight that these estimated shares might be over-evaluated as only a
few agents are strictly banned from financial markets. Indeed, a large number of agents, designated
as wealthy hand-to-mouth, do possess a large illiquid wealth, such as housing, so that their short-term
consumption is highly correlated to their current income. However, in the long-term, this conclusion
might differ as assets can be traded. Kaplan et al. (2014) compute values for the share of wealthy hand-
to-mouth agents around 20% for France. Close to Kaplan et al. (2014), Martin and Philippon (2014) focus
on the fraction of households with liquid assets representing less than 2 months of total gross income
and calibrate their model to a 46.6% share of non-Ricardian agents in France. We choose to calibrate our
model to estimated values in QUEST III.
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Last, the calibration of the weight of public consumption in the utility is based on McGrattan et al.
(1997), Bouakez and Rebei (2007) and Coenen et al. (2008). Estimating a CES public-private consump-
tion aggregation, they identify a share of private consumption of 0.8 (1 — #'). In order to simplify the
model, we resort to a Cobb-Douglas aggregation and therefore assume an elasticity of substitution of

one.

However, this literature review is not enough to obtain a realistic calibration so that we proceed to an
inverse inference. Indeed, in order to properly match the targeted observed levels or ratios in our model,
a specific set of parameters needs to be optimized upon and cannot be set freely. For these parameters,
we verify ex-post that they remain in the range identified in the literature. Table 1 compares for main
structural levels and ratios their levels observed in the data with those generated by the model with
our calibration. Targets based on observables are computed as averages over the period 1995-2007 to

purposely exclude the crisis period.

First, the weights of leisure in the utility x' and the level of TFP in each country ¢’ allow to replicate
value added levels in each country (Y?), the terms of trade (T) and hours worked (L?).

Second, the Cobb-Douglas parameter « and the market power of firms 6’ imply the distribution of
output between the remuneration of capital and dividends (Gross Operating Surplus) and wages. There
is however an imprecision in the data on GOS which includes mixed income, i.e. income of independent
workers. Considering this and the wide range of mark-up rates in the literature we have not introduced

differences across countries along this line.

Inflation is calibrated through the central banker’s target. The nominal interest rate is endogenous

and clears the demand and supply of financial assets union-wide.

Final demands to GDP ratio are well replicated by the model. These ratios are endogenous: public
consumption depends on the fiscal policy of both governments and balances their intertemporal budget
constraint; investment depends on other parameters through equation (STEADY.5) and is actually little

sensitive to the depreciation rate. Consumption clears the market once the trade balance is known.

The trade balance is related to the net financial asset position through aggregate national budget
constraints. It can not be sizeable without much greater imbalances in terms of asset holdings. However,
prices can differ across countries because of households preferences for domestic goods. These prefer-
ences are set such that we replicate the trade between France and its partners in the Euro Area and

prices appear higher in France than for its partners in accordance with purchasing power parities data.
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Discount factors ' and ‘Blg are set to match observed debt-asset to GDP ratios in both countries (see
equations (STEADY.1)). First note that it is not necessary for these factors to be lower than one, this
condition applies to their tranformation (1 + g) (Kocherlakota, 1990) and is verified by our calibration.
Also, in a closed monetary union, it is not possible to replicate these ratios exactly as the Euro area is
indebted vis-a-vis the rest of the world. We choose to impute the discrepancy to non French Euro Area
residents who thus hold more assets in the model than in the data. In the end, the net financial asset

positions of both countries mirror each other in the model and are rather small.

Taxes are set to the implicit tax rates on consumption and labour computed by Eurostat. Tax revenues
from consumption are higher than in the data, but our models tax base does not discriminate between
consumption and investment. Tax revenues from labour are lower than in the data, but our model does
not treat the case of independent workers which may explain part of the discrepancy. As for capital, we
only tax capital incomes in the model (return on capital, dividends and financial dividends) as opposed
to capital stock. The tax rates on these three bases are supposed identical and set to approach capital tax
income without prejudice on the investment to GDP ratio. These tax rates imply a tax revenue to GDP
ratio close but lower than in the data, however, missing items in our simplified budget for the general

government may account for this discrepancy.

4 Model dynamics

We analyse the short term properties of our model through the computation of IRFs for shocks occur-
ring in France. We first plot the IRFs to standard shocks (productivity, preference, monetary policy),
then to transitory fiscal shocks (VAT and government spending).

A detailed analysis of fiscal shocks in MELEZE including permanent ones, is given in Campagne

and Poissonnier (2016a).

4.1 IRFs to standard shocks

Productivity shock In Figure 2, productivity in France is increased by one percent with autocorrela-
tion set to 0.9. This productivity shock implies an increase in output with marginal positive spillovers
to the rest of the union. Prices drop in France but not in the rest of the Euro area, so that the central
banker does not react much to this idiosyncratic shock and the real interest rate in France increases.
Relative to financial savings, capital returns also benefit from the higher productivity. Hence investment
increases to the detriment of financial savings. Private assets drop and symmetrically public debt as
well, in France but not in the rest of the Euro Area. The drop in domestic prices is favourable to the

terms of trade. However, the trade balance marginally depreciates as domestic demand is spurred while
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Figure 2: IRFs to a one percent productivity shock (autocorrelated)
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demand addressed from the rest of the Euro Area is relatively unchanged. This is in part due to the
lower trade openness of the Eurozone with respect to France compared to the openness of France with

respect of the rest of the Eurozone.

In comparison with a closed economy model (Smets and Wouters, 2003, 2005), labour only temporary
decreases (the first year) as it becomes more productive. Simulations with a large weight of country one
in the monetary union show that differences are mainly due to the reaction of the central banker who

only slightly lowers its rate in comparison with a union wide productivity shock.

Preference shock In Figure 3, the discount factor in France is increased by one percent (i.e. more
patient households or a negative demand shock) with autocorrelation set to 0.9. As a consequence,
Ricardian households postpone consumption and increase their financial and physical savings. Prices
in France drop to limit the fall in final demand, so much so that the rest of the Euro Area follows
(though with delay and to a lesser extend), and the central banker sets an accommodative monetary
policy. The increase in investment more than compensates for the drop in consumption starting from
the second year after the shock. The drop in domestic demand relatively to the rest of the Euro Area is

beneficial to the trade balance, an effect magnified by the increase in the terms of trade.

Monetary policy shock In Figure 4, the monetary policy rate is increased by 100 basis points. This
large shock to monetary policy symmetrically impacts both France and the rest of the Euro Area. The
only difference stems from the financial asset holdings in both regions (and their consequences on the
trade balance and the terms of trade). Such a large tightening of monetary policy markedly depreciates
output union-wide. Prices plummet and gradually decrease both in France and in the rest of the Euro
Area, so much so that the endogenous behaviour of the central banker leads to a slight decrease in
its interest rate, partially offsetting its initial shock. Output reacts strongly negatively as the forward-
looking government cuts spendings reacting to the higher financing cost. A less adverse reaction is
observed when implementing a budget rule instead, as can be seen on Figure 9. These results are in line
with textbook simulations (Gali, 2008, Chapter 6).

Public spending Following a 1 percentage point autocorrelated increase in public spending (Figure 5),
output increases in France. With our Euler-type modelling of government consumption, this increase in
public spending is financed through public debt, mirrored by private assets. Prices marginally adjust
upwards to this demand shock and the central banker’s reaction to this idiosyncratic shock is minimal.
The demand shock is, by assumption, only addressed to domestic production and partially crowds out
investment. As a consequence, the demand addressed to the rest of the Euro Area increases but due to

price developments, the competitiveness of France deteriorates and the trade balance temporarily and
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Figure 3: IRFs to a one percent preference shock (autocorrelated)
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Figure 4: IRFs to a 100 basis points monetary policy shock
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Figure 5: IRFs to a one percent government spending shock (autocorrelated)
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marginally declines.

The main difference with Smets and Wouters (2003) is the absence of crowding out on private con-
sumption: private consumption slightly increases in reaction to the shock. This is linked to the non
separability of government spendings and private consumption in the utility function and the introduc-

tion of non Ricardian households (see section 5.1 for more detailed explanation on the mechanisms at

play).

5 Discussion of the model specification

We have introduced in the model several features which require a closer look: first, non Ricardian house-
holds and Edgeworth complementarity-substitutability are two competing mechanisms to generate stronger
reaction of private expenditures to public spending shocks, second, the government maximizing house-

holds utility function departs from usual budget rules.

5.1 Non Ricardian households, Edgeworth complementarity/substitutability of pri-

vate and public spending and their effect on consumption

Introducing non Ricardian households a la Campbell and Mankiw (1989) is advocated by Mankiw (2000)
to analyse fiscal policy. When it comes to fiscal multipliers these agents can generate positive reaction
of private consumption to public spending shocks in neo-Keynesian models (Gali, Vallés, and Lopez-
Salido, 2007) as their marginal propensity to consume is 1. This stylised fact is not replicated in RBC

models or standard neo-Keynesian models without non Ricardian households.

However, to replicate sizeable reactions, the share of non Ricardians may have to be set at a large value,
inconsistent with microeconomic empirical facts. Feve and Sahuc (2013) consider Edgeworth complemen-
tarity in the utility function between private and public consumption as an other mechanism to generate
a positive reaction of consumption to public spending. Their estimations of a closed economy model for
the Euro Area favour this mechanism to non Ricardian households whose share is therefore estimated to

be small (7%). With our general specification of utility, the two mechanism can be compared.

Mechanisms Without either non Ricardian households or Edgeworth complementarity-substitutability, gov-
ernment spending shocks tend to crowd out private consumption through its inflationary effect. Non
Ricardian households contrary to Ricardian ones can not save the increased income implied by higher
government expenditure: they can not postpone consumption. Hence if the fraction of non Ricardians is
sufficiently large a positive reaction of private consumption to a government spending shock. With Edge-
worth complementarity-substitutability only, government spending directly affects households marginal
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utility and weights on all their arbitrages. However, assuming substitutability or complementarity will
imply opposite reactions.
To exemplify the implications of substitutability or complementarity in the Edgeworth mechanism,

we change the intertemporal elasticity of substitution of consumption.

With our baseline calibration (¢ > 1), the marginal utility of consumption decreases with public
spendings, hence private and public consumption are Edgeworth substitute. Following a positive shock
to government spending, ceteris paribus households will have to compensate by lowering private con-
sumption to readjust the marginal utility of consumption in their different arbitrages. With an alterna-
tive calibration (¢ = 0.6 < 1), private and public consumption are Edgeworth complements: following a
positive shock to government spending, the utility functional form implies that the marginal utility of
consumption increases, so that households will increase their consumption to decrease this marginal

utility in their different arbitrages.

Simulations Figure 6 exemplifies these mechanisms. We simulate a one point shock to public spend-

ing, with autocorrelation 0.9.

In our baseline scenario, we assume o > 1, resulting also in an Edgeworth substitutability. As a result,
the two mechanisms under scrutiny work in opposite directions (Figure 6a). With non Ricardian house-
holds only, consumption reacts positively, whereas with Edgeworth substitutability only, consumption

reacts negatively upon shock.

With our calibration, the effect of non Ricardian households dominates Edgeworth substitutability. This
result crucially depends on the parameters of the utility function and the share of non Ricardians. With
neither mechanism, consumption reacts negatively upon shock (although less than with Edgeworth sub-

stitutability), with both it reacts similarly to the case with non Ricardians only.

In the case of o; < 1 (Figure 6b), assuming none of the two mechanisms generates the usual crowd-
ing out effect and a negative response of consumption upon shock. Edgeworth complementarity and non
Ricardian households both generate a (small) positive reaction of private consumption upon shock. With
both mechanisms (baseline scenario), the two effects are combined, though dominated by the non Ricar-

dian agents mechanism, and private consumption increases by one tenth of public spending deviation.

5.2 Government spending in the utility function compared to budget rules

Corsetti et al. (2010) investigate the effect of fiscal stimulus in a two country model (not in a monetary

union). Their investigation of cross border spillovers is based on a pair of budget and transfer rules
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——Baseline ——Baseline

non Ricardians only non Ricardians only
= =Edgeworth only 008 = =Edgeworth only
0.06 —==neither — == neither

(a) Edgeworth substitutability o, > 1 (b) Edgeworth complementarity o, < 1

y- axis in p.p. deviation from steady state

Figure 6: Effect of non-Ricardian households and Edgeworth complementarity (or substitutability) on
private consumption following a one percent government spending shock

endogenizing government spending and tax instruments in order to ensure long-term solvency of the
government.”! They show that the impulse responses to government spending shocks and the associ-
ated fiscal multipliers depend markedly on the combination of instruments used to ensure this long
term solvency (lump-sum taxes or spending) and on the sensitivity of these instruments to government

spending and output gap respectively.

As we introduce government spending in the utility function, we explained that the government can
be modelled as an optimizing agent with an explicit objective, and we now compare this behaviour with
Corsetti et al.’s spending rule. As they do, we consider a pro or contra cyclical rule as well as an acyclic
one (see 2.4). Figures 7, 8 and 9 present the Impulse Response Functions for productivity, preference
and monetary policy shocks.??

Two main analytical differences between the budget rule and the optimizing government are the
reaction to interest rates and the forward looking set-up of the optimizing government. Second round
effects in the Euler equation through labour and private consumption are of secondary importance. Be-
cause the optimizing government is forward looking, government spending is directly adjusted upon
shock (see for instance Figure 7). The reaction to interest rates (the cost of public debt) is also sizeable

(Figure 9).

2 Corsetti et al. (2010) do not introduce a spread on public debt as in MELEZE.
2Figures 10 to 12 in appendix provide complementary IRFs.
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Despite these differences, the IRFs of output and the real interest rate are quite similar between both
types of modelling paradigms. The main differences are indeed with public consumption and public
debt. The IRFs related to the three different government spending rules (pro-cyclical, contra-cyclical and
acyclic) exhibit little differences with one another. In comparison with the optimizing government, all
three exhibit sizeable oscillations around the steady state, showing weak convergence mechanisms.??

The optimizing government shows monotonic IRFs.

All in all, these simulations show that although budget rules are a simple and flexible way to de-
scribe the government’s behaviour, one need to be careful when including such rules into a general
equilibrium model. However, differences in IRFs are confined to the government block and do not
largely influence the behaviour of other real variables across types of modelling but also across cyclical-
ity of the budget rules.

Figures 13 and 14 show similar results for a government consumption shock.
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Figure 7: IRFs to a one percent productivity shock (autocorrelated)

2Other simulations show that this behaviour is amplified if the reaction to the deviation of public debt to its target is stronger
and is linked to the autocorrelation of the budget rule: when it is smaller, fluctuations fade out.
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A Steady state

We use - to denote the steady state operator. It can be defined only for detrended real variables and

inflations or relative prices as there is exogenous growth and non zero inflation.

We denote cy' = C'/Y!, gy’ = G'/Y' and iy’ = I'/Y', the shares of private consumption, public
expenditure and investment in each country’s GDP, and 6 = %, the relative size of production of
country 1 and 2.

At steady state, we assume that inflation and monetary interest rate equal the central bank’s targets.

A1 Goods Aggregation
The different consumptions are linked as follows:

Cl=(1—aho'r Cl =alCt' ! (A1,A2)

C_% _ aZCZTlﬂxz C_% =(1- “2>C—2Tﬂx2 (A3, A4)

Identical equalities hold for investment. Aggregation across households reads:

Ci — CNRi | GRi (A.5)

A.2 Households
A.2.1 Ricardian Households Euler equation

From the Euler equation of Ricardian households and governments, we have:

R—y(fa) =1 (STEADY.1)

C
l

mt

where we define g’ = (1 + g)(1_‘75)((1_'7)(1_h£)+'7(1_h2’))_1 with g the exogenous growth rate of TFP.

A.2.2 Capital, Investment and Tobin’s Q

At steady state, the capital dynamics, the investment decision and Tobin’s Q are defined by:

= (6+g)K (A.6)
_ =K,i Kz

= p ((1 —0) + W) (A7)

g=1 (A.8)
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From the previous equation we can isolate the interest rate on capital:

) 5C,1
Ki _ (;, 14 5) (11:1//1(1) (STEADY.2)

A.2.3 Households’ trade-off between consumption and leisure

For households’ trade-off between consumption and leisure not to be distorted by long term growth,
the ratio of marginal utilities of labour and consumption must have the same trend as real wages. This

is possible either with non separable utility or log utility of consumption (King et al., 2002).

This arbitrage is described by the Phillips curve on wages and yields:

140!

| TR 2 B B T R T e
RWVIRG g, (o <O UC)[(l"‘i)”iN (%) } (A9)
CRi TR, -1(-a)(U-n) [ o o w] |

11— ) | 2 ()

140!

. o i1 iy [ LNR (T
RWVMINRE g (14 0f)o =) [H"”fN(ﬂN) ] (A.10)

CVRT = 8, —1(1- o)1)

INRi (i 0\ h 1+
: : i
1—x'(1—0p) |:Vini]N (niN> }

which can be later on simplified using the share of both types of households in consumption and payroll,

the share of consumption in output and the share of payroll in output.

A.2.4 Ricardians’ and non Ricardians’ shares of consumption and payroll

We showed that consumption and payroll of Ricardians and non Ricardians add up to total consump-

tion and payroll in each country at each date. We denote the shares of non Ricardians in consumption
P CNR;i . i WNRTNR,i
s¢ = =& the shares in payroll 5| ) = “—77—.

The Dixit-Stiglitz aggregation of labour in both countries yields:

—Ri . __1 —NRi . __1
¢ 1-—5¢ =1 ’ st 6y —1
Rﬁi = ( : “’j) Rwii = (’) (A11, A12)
RW —H RW iz
ZR,i ‘ 1—gi 92 %ﬁl ZNR,z' (i 95,% 1
=0 | % —— =y (A.13, A.14)
L —H L Z
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The budget constraint of non Ricardians relates the two shares in the following way:

1—ua (9i _ 1) . ()BNR,i

RPC cyfst = : , i 4 STEADY.3
VT Ay (1 oed) o o I ( )

The budget constraint of Ricardians is collinear to this equation and does not help in calibrating the

shares (see E).

At steady state, the consumption-leisure arbitrages combined also relate the two shares:

1+nli9a, (1+”li>9;n 1 + 1_5'1;4‘)1 91'7'1 9%17‘_1 (17“)“7‘75)(1777) i
I=sc 0" 6y (1+40})ofi(1+7°)(1+72/)RPC cyi

Sil)l‘ 9%'71 _ ( ;/ll ) 9%7*1 ]. —SIC
1 — S;Ul 1 - }ll SlC 1 + S 9”*1 9%{771 (17“)(170—5)0777)

zu_rl - - -
se 0 8 (140))oi(149%) (149794 RPC ey

(STEADY.4)

Together, equations (STEADY.3) and (STEADY.4) define the shares of both types of households in
consumption and payroll as functions of the other parameters in the model, first of which u'. This
system must be solved numerically once other parameters are known. Note that if y/ = 0, s. = st =0

is indeed a solution to this system when no transfers are paid to the (empty) population of non Ricardians.

A.3 Firms

From the production function, we have:

Yi — (C‘iii)l—zx(Ki)txAi (A.15)
with gi the steady state value of detrended TFP, a scale factor to be determined, and Al =1, see Ap-

pendix D. Note that due to our time to build assumption on capital, capital stock at time ¢ — 1 is detrended
with TFP trend at time ¢.

From the arbitrage between capital and labour input we already have:

1—a  RW (1+0%)(1+ %)L
x FRIRI

(A.16)

with RW' = m the purchasing power of net wages in country i.
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From the Phillips curve on prices, at steady state the mark-up, i.e. the ratio of production price over

. . o
the marginal cost of production equals 57—

(RN 1-a i
R | R (1 4 poiy(1 4 g ) (g - i1 (A.17)
gl 91
. i_
rMmc = ¢ o ! (A.18)

Also, because of constant returns to scale, we can check that the mean cost equals the marginal cost
and we find that:

RV (1 + 591)(1 4 poi [ i_1

zpc BV ( +VY)1'( +7%) :(1—”‘)99i (A19)
ki i
zr’K 9 —

RPC o = o= (A.20)

Combining the capital share with the steady state equations for capital dynamic and investment

decision (section A.2.2) gives:

i_ TR A | .
i (1 - (15)) LEv” Y gpc (STEADY.5)
Jali ‘Bz 1— Vk,z ) +g

The firms’ dividends equation gives:

LA S Wi(lww'i)(uvm)i—i+f"ri5i RPC' (A21)
PiYiTr " i Yi -
7i 1 i —w,i _c,i L i
d :1—mRW (1+7v ')(1+1/')WRPC (A22)
that rewrites with help of the Phillips curve on prices and arbitrage between K and L:
. 1-6 1
d=1+—— =2 (A.23)

Firms are able to fix prices higher than their marginal cost and keep a mark-up %.
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A.4 Fiscal Authorities

With our maximizing government, the public debt level is pinned down thanks to the debt elastic spread

and from the Euler equation of governments, we obtain:

B R—y(pa’) — ¢'(pa’)pa’ _ (STHADYS)

I
where we define B, = Bi, (1 + g)(17‘72)((17’7)(17}12)“(17%))71.

A.5 Financial Intermediation

Financial intermediaries’ profits write:

1 gfa FY

fa = T er pivity (A24)
=1 ifg 7a (w(f'al )fa' +yS (pa)pa + % [w(fa*)fa + wg(m2>m2]) Hl(11—|—g) (A.25)
fi = le % (A.26)
- (w(fa2>fa2 SR+ 2 [p(a)fa + ng(ml)pal}) 112(11+g) (A27)

with 6/ defined by equation (A.42) below.

In addition, the zero cash need condition implies at all time and a fortiori at steady state that the net

financial position of one country neutralises the net financial position of the other:

FA} + FA? + PA} + PA? =0 (A.28)
- 2 _ 2
fa' v pat = — f”% T (STEADY.?)
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A.6 Monetary Authority, Prices and Inflations

Using the definition for both the relative price of consumption and the consumption price index, we

have the following relationships:
— 1 — 1 —_—2 -2
RPC =T* RPC =T7*" (STEADY.8)
Inflation rates are also directly related:
1 —l-a' o —c2 ol e’

o' =10 1 07 =1 1 (A.29, A.30)

As a result, if T exist, that is if the ratio of consumption and production prices or domestic and

importation prices has a steady state value in both countries, a solution exists such that:

I =II'=1"=II" (A.31)
We assume that such an inflation level is the central bank’s target. Finally, from the Taylor rule we have:
R=R* since Y=1andII=II" (A32)
i.e. the central banker set the interest rate and inflation at its target level at the steady-state.
A.7 Market Clearing

At steady state, we have from the market clearing equation

V'=Cl+Ci+G + 0+ 1} (A.33)
V?=C+C+G+EB+ 1. (A.34)

These equations imply that the market clearing condition at steady state is:

th (STEADY.9)

| ©

1= (cy' +iy )T + gy’ +0 1= (? +i )T + g —
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A.8 Budget constraints

From the budget constraint of Ricardian households, we obtain in real terms:

; FA! ‘ fai ‘  RWRALRi
ah = ——t = (R, —y(fal_))) ——=L— + RPCI(1 +v") ==t =t
fob = g, = (R = (el 0) oty + RPG+ ) <
‘ . CRi o o ,
= RPCI(L+v{") g+ (1= v ) fdy + (1= v + ¢ (A.35)
i i ; j K,i KiKi 1
1 , 1 y ’ -
— RPCi(1+v; )YiTrt + RPCi{(1 — v ")r, ¥,
denotin ¢R’i _ o At steady state:
g Pr = Py y :
_l' P
. . 147 [——Ri-Rri ~Ril 5==i
0= (R=TU(1+g) - p(fa)) = 2" " [RW™'LRi — cRi| RPC
(R=TE+8) = 90) gy + v |
+ (1= 0FPAFd + (1 — 9P d + R (A.36)

R . .
+(1- ﬁKfl)fK'ZWRPC' — (1+7%)=RPC

which gives the following relationship:

_ ~11_|_ L . 3 . o 1_1—/D,l B R _
fa; = T FMa & ,(Bi(l f—)g) {(1 +7“)RPC'((1 — se)ey' +iy') — ) (1 — o0 fd' — gRi
- 1
0 —11—s! ki 0 —1
_(1 B ﬂé) 61’ 1+ ﬁ:llj,li - 0((1 - VK’I) 91’ }
(STEADY.10)
As for non Ricardian households, we have:
~NR,i i NRiFNR,i TNR,i
C Y _RW 'L o 1 (A.37)
YZ Yl 1 _I_ VC,l 7RPCZ
R 1—a (91' _ 1) . (I_’NR'i
RPC'cy'st = : : g4 T STEADY.11
VT M)A rovd) g W e ( )
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Identically the budget constraint of governments gives in real terms:
Gi

. PAi . paiil disi di .
pa; = PtiYth‘rt = (Rt—l - 1Pg(Palt—1)> m +vd; +V{ fdi — YiTr, o A3
A.38
RPC! i mdeenin i Lo ki
gt (L v W RWIL + 4 (C+ 1) + ]
and defining pa’ = %, we obtain at steady state:
. . 1 _ai g,( _gi) . o i . o ﬂdri Ry
gy +¢' = (ﬁl iig pﬁz‘léjl f ) ) pa' +v“'RPC (cy' +iy') + &5 T vfiifd
gt e 8 R (STEADY.12)
—_ ‘l/ 4 _ .
+ — <]W(1 —IX) +1/k'11x>

oi

A9 Trade balance
Let TB; = P}Cit + P2, — PtZC%,t - Ptzl%,t denote the trade balance of country 1. At steady state

B . Ci+F Cl+1.
==t S rhy (A39)
and the openness of the two countries verifies:
(STEADY.13)

2, 50
fh =2 Y _eHy T1-o? al eyt + iyl)T“]

Combining the three budget constraints of a country yields, after simplication of transfers and taxes,

combination of Ricardian and non Ricardian households:
(A.40)

FAL + PAL = R, _1(FAl_| + PAl_|) 4+ TB; + FD} — (fa._,)FAL_; — ¢(pai_,)PAL_,

That is in real terms:

1
fai + pat =R;_1(faj_; + P”}—l)m + thy + fdj
f (A.41)

; ; 1 B i i 1
—¢(fai_q1)fai_4 m W(pai_q1)pai_q 1+

In words, the current account (changes in the net financial position of the country as a whole) depends
on its trade balance and net transfers with the rest of the union (interests paid on its position in the pre-
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vious period spread included net of dividends received from the international financial intermediary).
We assume that at steady state the spread paid to the financial intermediary is offset by the dividends
received implying the following for 6/

oo _ O p(fa))fa + ys(pat)pa’

v yUa )J (A.42)
Ty(fa*) fa + g (pu?) 2
It follows at steady state that:
th = (1 — 1R) (fa' + pa") (STEADY.14)
IT(1+g)

Given the choice of redistribution, financial dividends simplify at steady state into:

fd' = Hl(llm (p(fa)fa +ys(patypa') ; 7 =

1

m (ll)(f_gz)f_az + ¢3(W2)W2)

(STEADY.15)

A.10 Endogenous variables in level

In the present model, growth is exogenous. In the long run, all real variables grow at the rate of TFP and
prices grow at the steady state inflation rate. Taking into account all steady state equations shows that

it is possible (and necessary) to define all endogenous variables not only in ratio to GDP but also in level.
Conveniently, for policy analysis purposes, this allows to assess how this steady state in level de-

pends on structural, technological, preference and fiscal parameters and by derivation how changes in

these parameters would influence the level of our economies.
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Starting from the Ricardian households consumption-leisure trade-off (equation (A.10)), we get:

140t
i ‘ o i _ i LR g\
RWR’IERJ 0 (1+(7;)(fé rt (1= oc) [(1—yi)niJN <ni1N) }

= ‘ : A43
R T -1(-aDU-1n [ i g (A4
1““¢ﬂuw%m(mﬁ }
ol,(1+0})
o , . S| sy | Gt p i () (1)
1-s , RW'L _ b (1+0})0; K [ 1y ] (L)
1—-si (C 0i, —1(1—0i)(1—17) () _
1— i [1—%} (g aten o) (A.44)
1—pt
:1—siq19if1 1—a |
L=s¢ 0 (1490)(14 9%/)RPC cyi
that is
. . 1
b (1407) (1+e) (1)
. 1 1 — 4t 01,1 BRZ
I'=|= i B (STEADY.16)
/l1—s BRi 41
wl
with BRI — 15w 6, =161 A-w)A-c)A=n) g &7 = Ki(1— i) (nilN)*(lfhl)(H‘Tz’)

1=st 0 0" (140])0i(145%) (14701 RPC ey
To determine the level of output we write from the Cobb-Douglas function, simplifying with (STEADY.5):

eiq B Ki e - _ Zyl T« _
Yz_Kla Lzla: - lez i
(R = 2(gmeL = 1 (52) N
(6119 1 1\ (449
=C|a i —ci(T‘_ +5)71 i L
00 147 ,Bl RPC
which we simplify in:

Yi= AL (STEADY.17)

From equations (STEADY.17) and (STEADY.16) we also have the following purchasing power of

wages:

RV — A (1-a)%H 1
(1+ %) (1 +v%7) Rpc!

(STEADY.18)
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Finally, non Ricardians and Ricardians shares in the population and from equations (STEADY.3)
and (STEADY.4) in consumption and payroll allow to compute the steady state level of consumption,
labour supply and wage of both types of households. Similarly, from equation (STEADY.17) the steady
state levels of consumption, government spending, investment, capital and the trade balance are di-
rectly found by multiplying by cy’, gy, iy, % and tb respectively. Private assets, public assets, trgnsfers
and financial dividends in real terms can be found by multiplying Y’ with fa', pa’, ¢, and fd'. Divi-
dends from the real sector are one 6'th of output. Openness degrees («') allow to compute the share of

investment and consumption imported from the rest of the union.

B Linearisation

This appendix presents the full linearisation of the model. Equations labelled LIN are equations included

in the corresponding Dynare code (available upon request).

B.1 Goods Aggregation

Linearising the relationships in Section 2.1 gives:**
Ciy=a'Ti+C ¢l = (' =)+ ¢} (LIN.1, LIN.2)
Gi=1-AT+C ¢}, = —a?Ty + 7 (LIN.3, LIN.4)

Identical equalities hold for investment.

i, =a'Ti+ 1} B, = (' = 1)F + 1 (LIN.5, LIN.6)
By=0-a’)Ti+ 1} B, = 2T+ 17 (LIN.7, LIN.8)

2% is variable X’s log-deviation from its steady state value X.
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B.2 Households
B.2.1 Ricardian Households Euler Equations

The Euler equation for Ricardian households is given by equation (2.25). Taking the log-linearisation

around the steady-state and simplifying the relationship yields:

0=(1-(1-oh)(1- n))[cﬁa—c“}w(l—a)( —m) [E- ¢

~(1= oy [Glyy — GI] + M (1= oy [Gi = 6L

- o gl R (LIN.9)
1+ ool BY (LY — L) —hi(Lf — L )] + 105, + o (08— 077)
1 N N
B (RRt - W(f“l)falf”lt>
R—p(fa)

B.2.2 Tobin’s Q and investment decision

Linearising around the steady-state and simplifying the relationships yield:

=g+ —8"(1+¢9)(1+g)? (f;’ I B+, - f;’)) (LIN.10)
a;': (1=eha—m-1) [ -] —nia—ahya—p) [ - ¢l
+(1 = oty Gy = Gi] = (1 = oy [éi -Gl
NP LIN.11
(oot BY (LR — BN (k- L )] (LINAD
. _ (1 17[(,1) AK 171(,1 K 17C,l /\C
+pB'(1 - )%+1 +B'r Klm t+11 ml/tﬁ 1+ o0 t+11
B.2.3 Capital dynamics
The dynamics of capital is given by:
(1+g)Ri=(1 -8R, + (5 +g) (Il el (LIN.12)

B.2.4 Ricardians’ and non Ricardians’ aggregation
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Aj ; A/,NR i\ AR
¢, =G+ (1-s)C, (LIN.13)

Ci=siCMR + (1 -shEY (LIN.14)
RW; = sl RW; " + (1 sl, ) RW, " (LIN.15)
Lh=si LR 4+ (1 s LY (LIN.16)
ENRI _ fi_gi (RW) " — RW,) (LIN.17)
LR = 1} — 6L, (RW,” — RW)) (LIN.18)

Equations (LIN.15) to (LIN.18) are collinear. Only three of them shall be put in the linearised model.

B.3 Firms
B.3.1 Production

From Section 2.3 under the assumption that firms’ dispersion is a second order phenomenon (i.e. Al =

0), we have:
Vi =1 -a)f+ 1 -a)li +aky,, (LIN.19)
VZ=01-a0)+01—-a)l?+ak? . (LIN.20)

where {; = é.
B.3.2 Capital and labour arbitrage

. Sw,i . pCi L
PR 1_RW;+1—7W17?)’1+1+1/C1A1‘C’1+ ‘ (LIN.21)

B.3.3 Dividends
Dividends equal output minus the sum of wages and capital costs, namely:

1

Dj = P{Y{ — 1=

lxw;‘(l + v LE = PiY{(1 — RMCY) (B.1)
Dividing both sides of the equation by P{YiTr;:

Di Y]
PYiTr,  YiTr

(1 — RMC)) (B.2)
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The linearised equation for dividends is:

d, = Yi — (6 — 1)RMC, (LIN.22)
t t
o Sl oo SToi g v 7 Sk,
with RMC; = RPC; + (1 —«) ( RW; — (} + T oo +1 it + afy (LIN.23)

B.4 Fiscal Authorities

Proceeding like for households’ Euler equations, linearising equation (2.70) we get:

0=(1~pyhy) (f{’ [RR¢ — (y81(pa') + ySn (' Ypa' ) pa' | — T, — AéiH)
+(1 =)y (U4 B )AGL, — BhiAGL, — 1EAG)
+(1— o)) (1 — )k (BehbACT, — AC) (LIN.24)
+(1— o) (1 =) (FOACK, + (1 - 80)ACNY — Bht (FOACKS, + (1 - 80)ACNE) )
i(1-+ oS [ALRS, — WAL — Bk (ALK, — WAL, )]
—oi(1+0})(1 - 80) BV (AN — WaL) - Bkt (ALNY — ALY, )]

where
50 - ! _ (B3)
T e N
e () <?’i’1s;ﬂ>w‘)
We compare this equation with a budget rule similar to Corsetti et al. (2010):
Gl = Yoo Gi + ‘Lg?Y;' + @ﬁﬁi (LIN.25)

sy sy’
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B.5 Financial intermediary

B.5.1 Dividends

Regarding the financial intermediaries, dividends write:

pfa

Fa' (1 + )T (7, +T1}) = HW{ (w(fa') +gr(fa)fa') fa' fa;_,

+ (ww )+ yS(pat)pa' ) patpa;_y

b | ($Ua) + (S o fal g+ (93 () + ys1(paype) pap
(vt s s 1|

F (1 + )T (i, +112) = Hlef{ (w(fa®) + W(ﬁzz)ﬁzz) fa* fay

(LIN.26)

/N

+ (¥s(pa®) + yS1(pa )

(w(fa') +yr(fa')fa") fa' fa,_ 1+(¢e<pa )+ ysi(pat)pa' ) pa'pa_y

pa’pa
st v )

A ’*]I\QD

(LIN.27)

B.5.2 Zero cash needs condition

We showed that to eliminate a unit root in the model, one should replace one of the budget constraint
of governments or Ricardian households by a zero cash needs condition on the financial intermediation

market. Once linearised, this condition reads:

= = 2 - 2
s Tfa® .2 .\ Tpa
0= fa'fa, + pa'pa! + J;” (far +11) + ~B% <pat + 1) (LIN.28)
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B.6 Monetary Policy, Relative Prices, Inflations

The linearised Taylor rule reads:

t
~ ~ r o 2
Ri= pRi-y+ (1-p) <;‘ Y i 4 ryyt)
k=t-3

where the weighted averages for inflation and output in the monetary union are:

s 1 - 1 -
Ytunzon — . tl + : ; 2
1+ 71 +4
[imion VAT _ 1 el 7! (S — pC1)
t S, ()Tl \TE T 1 4Gl =1
I+ e,
1 ~c2 N ey

+ 1+ (1471) ey (Ht T 1+ €2 (077 = 077)

(140C2) T1-al =2y

ok

By definition of CPIf = P;PM Pt] * we get:

_——1 14

RPC, = o' Ty

—2 9 A

RPCt = —K Tt

15! = (1 — a1} + 177
157 = (1 — a?)I1? + o211}

And the terms of trade depend on inflation differentials between countries:

T =Ty + 117 - 11

B.7 Market clearing

From the market-clearing equations, we have:

. C1 C2 Gl . JEN 2,
4 1C” 1CU 1G} + _—1111,t+ Y—lll%,t
. c1 C2 G? . I . 2.
2 2 2 2 2 2 72
Yi = C2t C2t + @Gt 72 12t+ 72 Ly
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(LIN.30)

(LIN.31)

(LIN.32)

(LIN.33)
(LIN.34)
(LIN.35)

(LIN.36)

(B.4)
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A - 14 1- «
V' = (1—ahey T CL, + a’eys T1 P, gl + (1—ah )iy TV 1, —|—¢x2iy2§T1’“2112,t

(LIN.37)
Y2 = alcyleT"‘l_léit +(1- az)csz_“zé%,t + gy2G? + leiy19T“1_11}t +(1— zxz)iyZT_“zlAzzlt
(LIN.38)
B.8 Budget constraints
B.8.1 Ricardian households
Using the steady state relationships, we linearise as follows:
— _ iy Fi
I R . / N N
il fay =g A (o R k% iy -1
P+ \R—y(fd) R=ati))
;. 1—a Gl - 1 pe 0 R
I [ -c,i
— (1+7)RPC'ey/(1—s') [Rpci +—— 0 CR ’]
(LIN.39)

=C,1

— (14 7)RPC'iy’ [R/P\Clt+ : _VH/ pf +It] + PRAGR

i 1 ~ Di AD _ =i | i v ‘ ~FDi
“F(l_VD/Z)E {dé— 57 o 1] +<1_UFD,1)fd {fdt_]—ﬁFD,ivt i
91 _ 1 K . 17[(,1 K,

|:RPCt —|—7’t ! + Ki—l — ﬁvt :

+(1— )

B.8.2 Non Ricardian households

Similarly, using the steady state relationships, for the non Ricardian households, we linearise their budget

constraint as follows:
CNRI — <1 . (i ) (thNRl +tf”“)
(1+ 7%)RPC cy'si

HNR/i : i 17(3,1' .
4 (‘Pf\m'l — RPC; — 11900 -‘7;'1)
’l/ 7

(LIN.40)
_|_

(1+ ﬁC'i)RPCicyisé
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B.8.3 Governments

Similarly to non Ricardian households, linearising gives:

i 1 Y& (pa' ) pa’ [ R o ( s/ (pa’) ‘al’) i ]
a'val =pa' | = + I _ R+ (1 -2 )it — 1L
Pepi =y (ﬁlg<1+g> M(1+g) ) [R—gs(pa) R—gs(paiy ) P11
=d,i X " .7 A
+V9—i (05'1 +d§) + ol (Afdl + fd, ) Qi Gl — i

91’_1 17w,i L . ) . Qi—l_ . i
+ ( RS (1—a) + v RPC (cy +iy') + o vk’la) RPC,
=5C,1

o -1 oy ——

= (1—a) (RW 4+ ——
0 1+17w,1( “)< C e

+0%RPC'ey (€} +0f') + v RPC'iy' (I} + o)

ACZ+L1+ A?Ul)

0l —1
g P (R o )
(LIN.41)

B.9 Phillips Curves
B.9.1 Prices

From the maximisation of the firm’s programme and the linearisation of the first-order conditions, we

have:
) 1 T—1 i
Z (B'e)TA l;( o, (Pt )71 91‘6—1 f) (B.41)
] Di T
Z(ﬁé‘(l+g)) ( - L (Hl T 1) RMCT> (B.42)
T= t k=t+1

We also know that Pi(e,t) is independent from e since all firms solve the same program, and the

Calvo process on prices yields:

ie) & (1L — 1T, ). (B.43)
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Plugging this into the equation above, and differentiating between time t and time ¢ + 1, we obtain

a standard linearised New-Keynesian Phillips curve for prices:

(1-pg(1+g)(~ CI)RMCt, (LIN.42)

=11y = B(1+g) (M, —+'TT) + 5

where inflation depends positively on past indexed inflation, future anticipated inflation, relative

prices and wages, taxes, total output in country i and negatively on productivity.

B.9.2 Wages

We recall equation (2.35):

o B T o) U(Ch (), C)Y (ﬁim), Lf'T_l) W(GH Gi1)

= U/ (Ci(r),Cl_y)V(Ii(1), Li_)WI(GL, Gl_y)
UCHD), Ch V' (Fir(t), i) g 1 a(o)rly!
w(Ch(r), GV (Fr(r) Lh ) % CPI(1+v§)

As an example, we derive here the wage Phillips curve for Ricardian households. The first order
condition is linearised into:

—

~R,i+T—1
o ——R,i . . . w,” T
0=y (Fci,(1 +g>>“{Rle + (1+0,((1+0))(1+B%) —1)) (R)
T=t “r (B.44)
+HA40)) 1+ BRYLE_ — (1 + o) (1 + BR) — 1)L e}
Differentiating between time t and time t 4 1 yields:
—R,i :
0= —RW, —(1+60,((1+0)(1+ BR) —1))8d," — hi(1+0l)(1+ BRI,
+((1+0]) (14 BY) =)L + C}
ﬁé‘w(l +8)(1+6,((1+0))(1+B*) —1)) (B.45)
1-pig,(1+9)
i i | R =R SR c,i 7o ~C,1 ~C,1
—Yolly" +0W; g — 0w + RWy g — RWt "+ 0+ —— T oo (05, — 07
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And the Calvo process induces:

. —R,i _—~—R o i aci AR
0= gl (RWE — R = (15 = bt = o (07 — o) ) + (1= gladl (B
5 ~R1 o Céu RW RW ch Hct v AC,T AC,1 B.47
_17(—:5‘) t t1+( _’)’w )+1+17c,i(v _Vt 1) ( )

=R ¥’ ~ci N . . . . .
where one may read RW,” — RW,”; + 1T + 1;’_1/“ (05 — 9 ) more simply as nominal wage inflation

of the Ricardians in deviation from its steady state. In the end, the wage Phillips curve for the Ricardian
households writes:

]7C,i
14 v

A SR SR 17C'i Acz ~C,1 c,i i 76,1
B'(1+g) | RW, i — RW, +W( i1 TV ) (Ht+1 Ywll; )

——R,i ——=R,i A ;
RW, " —RW,"y + (T — 9}, 1T ) + (05— 0)) =

(1-pgh(1+¢)(1 -G SR aRi i Riv(FRi _ pifi AR,i
§§U(1+9£u((1+0{)(1+5’R'i)—1))[ RW," — LR 4 (14 o) (1 + BR)(LR — hiki )+ ¢ ]

(LIN.43)
The wage Phillips curve for the non Ricardian households writes:
__NR,i ——NR,i velh
RW, " —RW,—y + (17 =y}, 1077 ) + W(”f’l —0) =
~ TR R el . i
B(1+g) (RWt+l — RW, t i ( o Vt”) + (Hiil 7§qul))
(LIN.44)

(1-peL(1+8)(1—2)
&, (14 04, (1 + 0f) (1 + BNR) — 1))

——NRi  .NRi , o o
[ RW, ™ — LV 4 (14 o) (14 BRI (BN — By + ENR).

with BNRi — Su =101 (1-a)(1-c)(1-n)
st 0w 0 (140i)(1459) (14+594)RPC ey’
marginally depends on the household’s type.

so that the slope of the wage Phillips Curve very

In all, the level of inflation on wages hinges positively on future anticipated inflation, past inflation,
taxes. The larger the discount factor B/, the more sensitive is wage inflation to inflation expectations.
The larger the probability to adjust prices 1 — & (i.e. the more flexible are prices and wages), the less in-
flation depends on expectations. Inflation also positively depends on labour demand and consumption:

households demand a higher wage to work more and consequently consume more.
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C Monetary policy in a currency union

C.1 Defining aggregate indexes for the union

In the absence of exact derivations for both the union aggregate price index and the union total output

gap, we turn to the definitions of such indexes. Namely, the aggregate price index comes from :
(1 +v C, umon)CPIumonCumon _ (1 + vtc’l)CPIth} + (1 + vtC’Z)CPItZCtZ (C.1)

therefore the VAT-included CPI inflation for the union rewrites

C,union union
Humon VAT (1 + Vy )CPI
(1+ vC union) ¢ ppunion
union 1 union 2
_ G G 1 [ICLVAT Gt G 1 C2,VAT
Cynion Cl 14 (l+1/t 2yep2 2t C“”“’” C2 , 14 (1+1/t Lerrt e, !
(1+vy)CPIL,Cl (1+vS2)CP2_ C2 |

(C2)

Our approximation relies on the choice of weights on inflations taken at their steady state values. As a

result, we obtain:

' 1 1
H?mon,VAT _ — Htc’l’VAT + - I—ItC,Z,VAT (C.3)
1+ (149C2)CPI°C 1 (1491 CPI'C
(1+71)CPI'C' (1+C2)CPI'C

Similarly, we define the aggregate union production as follows:
pymionypmion — plyl + P2y? (C4)

therefor, taking the static weights at their steady state value, the union total output gap rewrites:

. Ptl 1 sz 2 1 2
o yunion  pmion 1yl o pmen 1Y 1Y, 1,
Yo = Ytunion = Tyl + . 148 Y2 - T Yitl + 14+ 8 ?Z €9
Pu'l’lll)"’l 1 + Punlan + 1 + y + ?

C.2 Should inflation be net of VAT?

The ECB measures inflation with the Harmonised Index of Consumer Prices (HICP) which includes

VAT. However, changes in the tax rate seldom happen and one may expect the ECB not to react to such
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shocks. It is then possible to define a VAT-excluded alternative:

: 1 1
o = ——— T ——— 11 (C6)
CPI'C CPLC
14 CELC 1+
CPI'C CPI'C

as the inflation targeted by the Central Banker. One can also easily consider other Taylor rules, with

quarter to quarter inflation, output growth, GDP or GDP growth...

C.3 Defining GDP in this context

When there are no taxes on products or subsidies on production, Y/ is equal to GDP. Stricto sensu Y}
is actually the total value added produced in country i. In a model with taxes, in particular VAT, Y}
actually differs from GDP. In nominal GDP is:

Gppimominal — piyi 4 ySICPI(CE + If) (C.7)

Changes in the VAT rate are considered as price effects so that the growth index of GDP in real terms

can be measured by:*

P Yl—i—v“CPI Cit+1i
IndexGDP’: (G + 1) (C.8)

Pt lYt 1t Vtcilcplgfl(cifl—'—lgfl)

An additional issue is the production of financial intermediation services. In the present model we have
considered that they are not located in country 1 or 2. Still union wide GDP should incorporate this

production.

on o / FA; : PA .
GDPtumon,nommal = Z Py} + vy ’CPIt(Ct—i—It) Z ) <_t1> FAL | +y8 (_tl) PAI_,
ie{1,2} ie{1,2} P Y'Tre P, Y'Tr; 4

(C.9)

For financial production, the volume index is the growth rate of financial assets in real terms, the
corresponding growth index in volume is:

IndexCPP"" = (C.10)

i i FA! i FAI_ PAL_ i PAI_
Ticqiay P+ ACPIL (G 1) + Tiepnay ¥ (s ) P + 8 (i)

Lie{1,2} Ptl,1 v 1CPIZ (Cl + It 1) +lic12) ¥ (P’ Y’Trf 2) FA’ Y8 (7}”}; 2) PA,_,

25This formula corresponds to the growth rate of real GDP when measured in over the quarter overlap chained linked volumes.
This technique is seldom used by national accountants but other techniques require to isolate quarters of the same year which is
not possible in the present model.
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D Firms and households dispersion

Contrary to a flexible price model, price and wage nominal rigidities create distributional issues. As
firms and agents cannot reset their prices and wages every period, some agents will keep a constant
price (in the absence of indexation) for non-zero periods of time. As a result, at each date, a full distri-

bution of prices and wages coexists.

Working with aggregate variables, this distributional issue rarely matters and is usually invisible. It
does only matter for aggregation across firms and households. In particular, the link between an individ-
ual household consumption/labour and the aggregate consumption/labour determines the aggregate

Euler equations 2.25, investment decision 2.26, Tobin’s Q 2.27 and wage Phillips curves 2.35.

In this appendix, we show that under the reasonable assumption that the variance of dispersion in
consumption, wages, prices or labour is small, the first order conditions aggregates exactly at the first
order. As an alternative in the literature, papers such as Erceg, Henderson, and Levin (2000) resort to the
assumption of complete contingent claims markets for consumption and labour. In this case, households
can perfectly ensure against consumption and labour fluctuations, and consumption is constant across

similar households.

D.1 Labour dispersion

Recall the aggregate production (Equation 2.58) that depends on the index of labour dispersion across

firms. This index is defined as follows:

i1

i 1][) i of
(1) " : / Llet) ) " 4 (D.1)
PP Ll/p‘]P

H
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Using a second-order Taylor expansion of H, we obtain:
pi]P i_ i
M1t / 0 -1\ Leh
pPJo 00 | L/piP

1 1/17"11’ Lf(e,t)_l
o 2p'P 01 Jo Li/p'P

as Li = /plll’ Li(e, t)de
A ,

1 | Li(et)

2
i[i 1| de
20 Li/p'P

2
e (D.2)

We notice that the first order term disappears in the Taylor expansion of the dispersion index. As

a result, it appears that labour dispersion is a purely second order phenomenon under the reasonable
Li(e,t)
Li/p'P
of a small variance of dispersion seems rather reasonable. We can therefore neglect labour dispersion

assumption that

— 1 remains small. As we study a first-order linearised model, this assumption

for production aggregation.

D.2 Ricardian first order conditions

Similarly, it is possible to aggregate the Ricardians’ first order conditions at the first order, assuming that

individual consumption and labour fluctuations around the aggregate level are of small magnitude.

In the Euler equation, the investment decision and Tobin’s Q equation for the Ricardian agents, the
part of the subjective discount factor depending on 7 is given by (eliminating external habits constant

across T) :

f (Cha (@), CiD), (), 1)) =
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Conducting a Taylor expansion of this function f around the mean <(1—yi)ni]N’ A N (= )N (T N

and at the second order gives:

i i CRz C{{,i LRZ L{(,i
(Gl (x), i) diga (T >,zt<~r>)=f<(1 N T N T IN,OW)”I-N>

Aggregate subjective discount factor

{1 + ((l —Ué)(l — ;7i) _1) <Ci+1( ) (1 — pu)n'IN B 1)

R,
Cf—l-ll
, , Ci(1)(1 — u')n'N
—<(1—aé)(1—77’)—1)< 0 _1>
t
1+0f o D.4
; ol —1 x(1- ){Lﬁl(U) } ] Z§+1( T)(1—p')n'IN (B4
R e LR !
© 11— o) L ()] H1
. i 1+0’,i
I R Gt 3l V] ()~ ) N_1>
c 7 T liol R
UC 1—K(1—(TI) |:LR1(L; 1) hlfj| 41 Lt

(s )

As [, C(t,t)dt = CM and [ ;1 ril(T t)dT = LR, first order terms disappears when we aggregate the
subjective discount factor (or directly the equation) by integrating over all 7. In the end, the first order
conditions for the households is valid at the first order as long as consumption and labour dispersion

are indeed second order phenomenons, that is their respective variance is small.

The same methodology can be used to justify the use of aggregate Lagrange multipliers in both the
price and wage Calvo setting programs.

E Determination of a unique and stable steady state

E.1 Debt elastic spreads

Schmitt-Grohé and Uribe (2003) show on the case of a small open economy that a debt elastic interest
rate premium pins down a unique steady state debt level because this specification modifies the steady
state of households” Euler equation. Following the general specification used for monetary union mod-

els, we introduce such a modification in our model for the same result: equation (STEADY.1) relates the
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discount factor and the steady state real monetary rate with the steady state asset to GDP ratio. Put

differently, with this specification the steady state is unique in f 4" and verifies equation (STEADY.1).

Moreover, the Euler equations on private consumption shows that if the spread is an increasing
function of the asset to GDP ratio, when assets are below their steady state value, consumption will
decrease today and yield an increase in assets converging to their steady state (consumption could also

increase tomorrow, a strategy which would eventually violate the no Ponzi condition).

A symmetric result holds for public assets (pa’) with our maximizing government. Otherwise a bud-
get rule must incorporate a feed back loop between the level of public debt and public spending (or

another fiscal instrument).

Because the adjustment is through final demand, in terms of country i net financial position, it will

show on the trade balance rather than the net transfers to the rest of the union.

Putting together the budget constraints in each country, aggregating Ricardian and non Ricardian
households, yields:

FA} + PA} = (Ry_1)(FAj_; + PA}_;) + TB; + FDj — Spreads; (E.1)

If there were no fees for financial intermediation (FD} = Spreadsi = 0), any temporary imbalance of
the trade balance (T B;) would make country i’s net financial assets (FAi + PAi) diverge.

Convergence is nevertheless not obtain through financial transfers with the rest of the union but be-
cause imbalances of the trade balance are not simply transitory. The spread paid on assets in the Euler
equation implies that as long as the net financial position is not at steady state, either on the private or
public side, private or public consumption will compensate and the trade balance will not return to its

steady state. This is the main mechanism for convergence to the steady state.

With the introduction of financial intermediation, when the net financial position deviates from its
steady state value, fees paid to the financial market increase in both countries and so do the dividends
paid to domestic owners of financial firms. Thus, this mechanism is in first approach neutral on the

convergence to the steady state.
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E.2 An inconvenient eigenvalue

However, to close the model, the four steady state net financial positions can not be chosen freely. More-

over, the model does not converge towards its steady state when the four asset dynamics are written.

From the model, we have the following six budget constraints:

PAL = | Ry, —l[)g(L) PAL | — PIG! — @t
t YT t—1 tt
WiAiTATiT 1 ki k,i 1 c,i (i i D,ii FD,i i
VP WILE 4 v Y CPIEKE | + v CPI(CE 4 I} + vP' Di 4 v P/ FDI
FAL =R 1—¢(L) FAL | — CPL(1+vf")CR — CPIL(1 + v&) I
t t— Ptl_lYiTrtfl t— t t t t
+WRLR L @Ri (1 — K epiKE | + (1 —vPH D+ (1 —vFP/)FD]
WNRILNRE L @NRE — cpri(1 4 vfH)CNR

Adding up these equations union-wide yields:

FA} + FA? + PA} + PA? =
Ry 1(FA}_; + FA? | + PA]_, + PA?))

WAL+ (1= v*YeP K + (1= vPYDE + (1 — v PYFD} + @}
+WPLE + (1= v ) CPIr? Ky + (1= vP?)D} + (1 — v{ P?)FDF + @7
—CPIF(1+voN)(CH + 1} — CPI2(1 + vi?) (C? 4 I7)
WL +veteprl(c + 1Y) + v epikE  + vP D} + vf P ED}
VP WELE + VA CPIZ(C? + 17) + v CP K2 + vP?D? + vfP2FD?
—P}G} — @} — P/G} — &}

PA}71 FAl FAgfl FAZ
¥ PL YiTr, ) 1 Y P2 Y2Tr; 4 ) 71

PALl PAZ
— s el s S PA}—l — s el S PA%—l
Pl \Y'Tr, P? \Y2Tr;
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Rearranged, after simplification of taxes, transfers into:

FA} 4+ FA? + PA} + PA? = R,_{(FA}_; + FA? | + PAl | + PA? )
WA+ vPN L+ CPI K] + D} + W1+ v2) L2 + CPIZ2K2 | + D?
—CPI}C} + I}) — CPIZ(C? + I?) — PLG} — P?G? + FD} + FD?

FAL , . FA? ) (E-6)
4 Pl _YIT FAt—l — ¢ P2 V2T FAt—l
t—1 Ft—1 1 re—1

1 2
Y LS N VT G B P
PL Y'Tr, B P2 Y2Tr, 4 -

We have assumed that the labour, capital and goods markets are in equilibrium, hence we can cancel out
the difference between two classic break downs of production (i.e. total revenue minus total demand in
both countries) and simplify fisims and financial dividends (union wide financial production), the sum

yields:
CN; = Ry_1CN;_;. (E.7)

Assuming the nullity of either initial or final conditions of total net asset holding in the monetary union,
i.e. CNp or CNe = 0 is sufficient to have financial intermediaries clearing their position vis-a-vis the

central bank at each period.

All the asset dynamics but one and the zero cash needs constraint (2.79) at steady state is enough to
make the model Walrassian while verifying the fourth budget constraint. On the contrary, resorting
to the four asset dynamic equations would introduce a diverging dynamic in the model (verifying
CN; = R;_1CN;_1).%° The zero cash needs constraint is thus a necessary condition with a reasonable

economic interpretation.

F Other IRFs

26 A property we verified numerically.
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Figure 10: IRFs to a one percent productivity shock (autocorrelated)
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Figure 11: IRFs to a one percent preference shock (autocorrelated)
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Figure 12: IRFs to a 100 basis points monetary policy shock
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Production and consumption

Y/, yi(e)
C, I
Ri ~R,i ~NRji ~NR,
c, C].,tl, c ™, C].,t !
Cir it
] Ci,t{ Ii,t )
g AL s
D, Di(t)
MCi(e), MC@ RMC;
X, M}
Capital market
K}, Ki(7), Ki(e)
ki
Ty
Labour market
L, 1j(o), LY, LY
W, wi(o), Wi, Wi
@ (), Wi, W
RW;
Finangial markets
FAi, FAi(t)
fai = FA}/piviTy, Y(fal)
PA;
pay, ¥S (pa})
FDi, FDi(7)
FY;
CN;
Public sector
Gy
o, 0}(r) 0f, @)

i i Ri (NRi
¢t (T, t), ¢,
Utc,ll 1/;u,z
v, v, 1/{ a
Prices and inflation
P, Bie)
Fi, Pi(e)
Ay
CPI;
RPC; = cpPL/pj
Ty = r2/p}
1 c,i
IT}, IT,

-1, rz};l
Monetary policy
Yt/ H?nion

Ry _
Gppimom, [Ph

Output in country i, resp. of firm ¢

Consumption and investment in country i

Consumption of Ricardian (resp. non Ricardian) households in country i and
of goods produced in country j

Consumption and investment in country i of goods produced in country j
Consumption and investment of goods produced in country j

Marginal utility of consumption

Dividends received in country i or by household

Marginal cost of production of firm ¢, in country i and in real terms
Exports from and imports to country i

Real capital stock in country i, of household 7 or firm ¢
Returns on capital

Labour supply in country i, of household T, of non Ricardian or Ricardian
households

Wages in country i, of household T, of non Ricardian or Ricardian households
Optimal wage reset in country i by household 7, Ricardian or non Ricardian
households

Real wage in country i, i.e. purchasing power net of taxes incl. VAT

Financial assets in country i (resp. of household 7)

Real financial asset to GDP ratio and intermediation fees paid on these
assets in country i

Public assets in country i

Real public asset to GDP ratio and intermediation fees paid on these assets
in country i

Financial dividends received in country i or by household T

Production of the financial sector

Aggregate cash needs of the financial sector

Public expenditure in country i

Lump-sum transfers in country i, to household 7, to Ricardian and non
Ricardian households

Real lump-sum public transfers to GDP ratios

Tax rates on consumption and wages

Tax rates on capital returns, dividends and financial dividends

Production price in country i, resp. of firm ¢

Optimal price when reset in country i, resp. of firm ¢
Dispersion index of firm size in country i

Consumption price in country i, VAT-excluded

Relative price of consumption in country i

Terms of trade

Inflation of production and consumption prices in country i
Indexation of prices and wages if not reset

8
Output and inﬂationStargets of the Central Banker
Monetary policy rate

Nominal GDP and growth index of real GDP in country i

Table 3: Definition of the endogenous variables



Structural parameters
., p
n, N, n'
8
0", 0w
‘xl
i gi
P By
ol ol
v
he, by
1
hé’
Kl
Vpr Yoo
=6, 1-¢y
]/li
0
b
0', 6/, 6
Policy parameters
17C,il 177/{],1
ghi pdi pfdi
4)1' (pR,i ¢NR,1'
H*/ p/ rT[/ ry
Endogenous parameters

cy', gy, iy'
1 1
SC, Swl

Relative, absolute and national varieties number

Relative, absolute and national population size

Productivity growth

Elasticity of substitution between goods/labour in country i

Import share of country i

Households and government discount factors

Inverse intertemporal elasticity of substitution and inverse Frisch elasticity
in country i

Weight of public consumption in utility from consumption in country i
Habit parameters on consumption and labour in country i

Habit parameter on government consumption in country i

Labour disutility weight

Prices and wages indexation on past inflation in country i

Calvo resetting probabilities on prices and wages in country i

Share of non Ricardian households in country i

Depreciation rate

Technology parameter

Scale parameters in labour, financial assets and production

Steady state tax rates on consumption and wages

Steady state tax rates on capital returns, dividends and financial dividends
Steady state lump-sum transfers to GDP ratios

Monetary policy parameters

Long-term interest rate
Share of private/public consumption and investment in GDP in country i
Share of non Ricardian households in consumption and payroll in country i

Table 4: Definition of the parameters
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